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PROBABILITY AND STATISTICS

Preface

Education in mathematics forms the basis of science and engineering from undergraduate to
graduate level, because engineering and science are largely based on mathematical modelling. The
level and the quality of mathematics education sets the level of the education as a whole.

Our aim is to develop a complete program for mathematics education in science and
engineering from basic undergraduate to graduate education. This includes several courses like

o Mathematics I

o Mathematics II

o Mathematics III

o Probability and Random Processes

o Probability and Statistics
These courses are introduced at different levels/semesters of the engineering program some being
common and some based on the branch/specialization chosen by the student.

The purpose of these courses is to arm the student with the necessary ideas and methods, so
that when mathematical elements appear in other courses and research work, one can tackle them
with confidence, possibly with further independent study into specialized areas. Its major role is
to summarize, crystallize, enhance and give a forward orientation to the mathematical methods
taught in undergraduate curriculum, with projections to future requirements.

Common Features of the Mathematical Courses:
e The courses are based on a synthesis of mathematics, computation and application.
e The courses are designed basing on new interests and needs of the current scenario, giving
a new united presentation from the start based on constructive =~ mathematical methods
including a computational methodology.

e These courses are designed at different levels of ambition concerning both mathematical

analysis and computation, while keeping a common basic core.

e These courses increase the motivation of the student by applying mathematical methods

to interesting and important concrete problems right from their introduction.

e While emphasis may be put on problem solving, these courses gives theoretical and

computational methods and builds confidence.

e The course contains most of the traditional material from basic courses in analysis, linear

algebra, applied mathematics and higher engineering mathematics.

e Emphasis is put on giving the student a solid understanding of basic mathematical

concepts.
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e The student acquires solid skills of implementing and applying the computational methods

learnt.

The idea is that making the student comfortable with both advanced mathematical concepts and
modern computational techniques, will open a wealth of possibilities of applying mathematics to

problems of real interest.
Probability and Statistics: Course Description

This course is about the mathematics that is most widely used in the engineering core subjects.
Probability and Statistics provide an introduction to discrete and continuous probability
distributions, correlation and regression analysis, sampling distributions and sampling
inferences.Topics include the properties of both single and multiple random variables for the
discrete and continuous probability distributions, correlation and regression analysis for bivariate
as well as multivariate distributions, Estimation, sampling, testing of hypothesis for both large and

small samples.
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Course Objectives:

1. To identify a random variable that describes randomness or an uncertainty in certain
realistic situation. It can be either discrete or continuous type.

2. To learn important probability distributions like: in the discrete case, study of the Binomial
and the Poisson Distributions and in the continuous case the Normal Distributions.

3. To build the linear relationship between two variables and also to predict how a dependent
variable changes based on adjustments to an independent variable.

4. To interpret the types of sampling, sampling distribution of means and variance,
Estimations of statistical parameters.

5. To give comprehensive knowledge of probability theory to make inferences about a
population from large and small samples.

UNIT - I: Random Variables

Single Random Variables -Discrete and Continuous, Probability distribution function,
Probability mass and density functions, mathematical expectation and variance.

Multiple Random variables: Discrete and Continuous, Joint probability distribution, Marginal
probability density functions, conditional probability distribution function and density
functions.

UNIT-II: Probability Distributions

Binomial distribution — properties, mean, variance and recurrence formula for Binomial
distribution, Poisson distribution — Poisson distribution as Limiting case of Binomial distribution,
properties, mean variance and recurrence formula for Poisson distribution, Normal distribution
— mean, variance, median, mode and characteristics of Normal distribution.

UNIT -III: Correlation and Regression

Correlation -Coefficient of correlation, Rank correlation, Regression- Regression coefficients,
Lines of regression.

Multiple correlation and regression- Coefficient of multiple Correlation, multiple regression,
multiple linear regression equations.
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UNIT —-IV: Sampling and Testing of Hypothesis for Large Samples

Sampling: Definitions - Types of sampling - Expected values of sample mean and variance,
Standard error - Sampling distribution of means and variance. Estimation - Point estimation
and Interval estimation.

Testing of hypothesis: Null and Alternative hypothesis - Type I and Type II errors, Critical
region - confidence interval - Level of significance, One tailed and Two tailed test.

Large sample Tests: Test of significance - Large sample test for single mean, difference of
means, single proportion, and difference of proportions.

Unit-V: Testing of Hypothesis for Small Samples

Small samples: Test for single mean, difference of means, paired t-test, test for ratio of variances
(F-test), Chi- square test for goodness of fit and independence of attributes.

Suggested Text Books:
i) Fundamental of Statistics by S.C. Gupta, 7"Edition,2016.

ii) Fundamentals of Mathematical Statistics by SC Gupta and V.K.Kapoor
iii) Higher Engineering Mathematics by B.S.Grewal, Khanna Publishers,

35" Edition,2000.
References:
1) Introduction to Probability and Statistics for Engineers and Scientists by
Sheldon M.Ross.

i) Probability and Statistics for Engineers by Dr. J. Ravichandran.

Course Outcomes: After learning the concepts of this paper the student will be able to

independently

1. Evaluate randomness in certain realistic situation which can be either discrete or
continuous type and compute statistical constants of these random variables.

2. Provide very good insight which is essential for industrial applications by learning
probability distributions.

3. Higher up thinking skills to make objective, data-driven decisions by using correlation and
regression.

4. Assess the importance of sampling distribution of a given statistic of a random sample.

5. Analyze and interpret statistical inference using samples of a given size which is taken from
a population.
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23,

UNIT 1
RANDOM VARIABLES

-«
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OBJECTIVES

1. To understand a random variable that describes randomness or an
uncertainty in certain realistic situations which can be either discrete or
continuous type.

2. To learn functions of multiple random variables through joint distributions
since the random situations are described as functions of multiple random

variables.

OUTCOME:
Describe randomness in certain realistic situation which can be either

discrete orcontinuous type.
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RANDOM VARIABLES
Random Variable
A Random Variable X is a real valued function from sample space S to a real number R.
(or)
A Random Variable X is a real number which is determined by the outcomes of the random
experiment.
Eg:1.Tosssing 2 coins simultaneously
Sample space ={HH,HT,TH,TT}

Let the random variable be getting number of heads then

X(S)={0,1,2}.
2.Sum of the two numbers on throwing 2 dice

X(S)={2,3,4,5,6,7,8,9,10,11,12}.

Types of Random Variables:

1.Discrete Random Variables : A Random Variable X is said to be discrete if it takes only the
values of the set {0,1,2.....n}.

Eg:1.Tosssing a coin, throwing a dice, number of defective items in a bag.

2. Continuous Random Variables: A Random Variable X which takes all possible values in a
given interval of domain.

Eg: Heights, weights of students in a class.

Discrete Probability Distribution:
Let x is a Discrete Random Variable with possible outcomes x; x5, X3 .... X, having probabilities
p(x)fori=12..n If p(x;) >0and Yj-;p(x;) =1 then the function p(x;) is called
Probability mass function of a random variable X and {x;, p(x;)} for i = 1,2 ...n is called
Discrete Probability Distribution.
Eg: Tossing 2 coins simultaneously

Sample space ={HH,HT,TH,TT}
Let the random variable be getting number of heads then

X(S) = {0,1,2}.

Probability of getting no heads =i4, Probability of getting 1 head =%,
Probability of getting 2 heads = 21
~Discrete Probability Distribution is

Xi 0 1 2
p(x) 1 1 1
4 2 4

Cumulative Distribution function is given by F(x) = p[X < x] =X7_op(x).
Properties of Cumulative Distribution function:
l.Pl[a<x<b]= F(b)—F(a) — P[X = b]
2.Pla<x<b]l= F(b)—F(a)—P[X =a]
3.Pla<x <b]= F(b)—F(a)
4. Pla<x<b]= F(b)—F(a) — P[X =b] +P[X = a]
Mean: The meanof the discrete Probability Distribution is defined as
T xip(x) _ .
=Sy = T ap(x) since Ty plx) = 1

Expectation:The Expectationof the discrete Probability Distribution is defined as
E(X) = XiL, xip(x;)
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In generalE(g(x)) = Xk, g(x)p(x)

Properties:

DEX) = u

2)E(X) = KEX)

NEX+k) =EX) +k

4))E(aXtb) = aE(X) £ b

Variance: The variance of the discrete Probability Distribution is defined as
Var(X) = V(X) = E[X — E(X)]?

= VX)) = E[X]? = [EX]*=X x;’p; — u*

Properties:

1)V(c) = 0 where cis a constant
2V(KX) = k2 V(X)

IWVE+Kk) = VX)

4)V(aX £ b) = a? V(X)

Problems

1. If 3 cars are selected randomly from 6 cars having 2 defective cars.
a)Find the Probability distribution of defective cars.

b)Find the Expected number of defective cars.

Sol: Number of ways to select 3 cars from 6 cars =6,

Let random variable X(S) = Number of defective cars = {0,1,2}

Probability ofnon defective cars = ZegZeo _ §
c3
Probability of one defective cars = ZepZer _ %
c3
Probability of two defective cars = Tale %
c3
Clearly ,p(x;) > 0 and YjL, p(xj) = 1
Probability distribution of defective cars is
Xi 0 1 2
p(x:) 1 y| 1
5 515

Expected number of defective cars = },iL, x;p(x;) = 0 (%) +1 (%) +2 (%) =1
2.Let X be a random variable of sum of two numbers in throwing two fair dice. Find the

probability distribution of X, mean ,variance.
Sol: Sample space of throwing two dices is

S ={(1,1),(1,2),(1,3),(1,4),(1,5),(1,6)
(2,1),(2,2),(2.3),(2,4),(2,5).(2.6)
(3,1),(3.2),(3.3),(3,4),(3,5).(3.6)
(4,1),(4,2),(4.3),(4,4),(4,5),(4.6)
(5,1),(5,2),(5.3).(5,4),(5.5).(5.6)
(6,1),(6,2),(6,3),(6,4),(6,5),(6,0);

= n(S) = 36.

Let X = Sum of two numbers in throwing two dice = {2,3.,4,5,6,7,8,9,10,11,12}
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X Favorable cases No of Favorable p(x)
cases

2 (L1) 1 1
36

2

3 2.1).)(1,2 2 il
2.1)(1.2) 2

4 (351)5(272)5(153) 3 i
36

5 (4,1),(3,2),(2,3),(1,4) 4 4
36

6 (5,1),(4,2),(3,3),(2,4),(1,5) 5 5
36

7 (6,1),(5,2),(4,3),(3,4),(2,5),(1,6) | 6

36

8 (652)5(573)5(454)7(335)9(276) 5 i
36

9 (6,3),(5,4),(4,5),(3,6) 4

4

10 (6,4),(5,5),(4,6) 3 36

3

11 (6,5),(5.6) 2 36
36

12 (6,6) | )
36

Clearly , p(x;) > 0and YL, p(x;) = 1
Probability distribution is given by

Xj 2 3 4 5 6 7 8 9 10 11 12
p(x;) 1 2 3 4 5 6 5 4 3 2 1

36 36 36 36 36 36 36 36 36 36 36

M Z Xip(x) =2 (316) 3 (326) 4 (336> > (346) e (356) 7 (366>

s(ze) +o(5e) +10(ze) +11(3) + 12

=17.

Variance = V(X)=Y. x;%p; — p?

=4(2)+9(2) +16(2) +25(=) +36(2) +49(5) + 64 (o) + 81(=2) +

100(2) +121(2) + 144 (5) — 49 =5.83

3. Let X be a random variable of maximum of two numbers in throwing two fair dice
simultaneously. Find the

a)probability distribution of X

b)mean

c)variance

d)P(1<x<4)

e)P2<x<4)
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Sol: Sample space of throwing two dices =S ={(1,1),(1,2),(1,3),(1,4),(1,5),(1,6)
(2,1),(2,2),(2,3),(2,4),(2,5),(2,6)
(3,1),(3,2),(3,3),(3,4),(3,5),(3,6)
(4,1),(4,2),(4,3),(4,4),(4,5),(4,6)
(5,1),(5,2),(5,3),(5.,4),(5,5),(5,6)
(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)}

~ n(S) = 36.
Let X = Maximum of two numbers in throwing two dice = {1,2,3,4,5,6,}
X | Favorable cases No of p(x)
Favorable
cases
1 (1,1) 1 i
36
2 (2,1),)(1,2),(2,2) 3 3
36
3 (3,D:(1,3),2.3)3,3),(3,2) 5 E
36
4 (1,4),(4,1),(4,2),(2,4)(4,3),(3,4),(4,4) 7 l
36
5 (1,5),(5,1),(2,5),(5,2)(3,5).(5,3),(5,4),(4,5),(5.5) 9 2
36
6 (1,6)(6,1),(6,2),(2,6),(6,3),(3,6),(4,6),(6,4),(6,5)(5,6),(6,6) 11 E
36

Clearly ,p(x;) > 0 and };iL, p(x;) =1
Probability distribution is given by

x, |1 |2 [3 T[4 [5 6
px) | 1 | 3 | 5 | 7 | 9 |11

36 | 36 | 36 | 36 | 36 | 36

Mean == > xipGe) = 1(5¢) +2(50) +3(52) + 4 (55) + 5 (55) + ¢ (5)
ean=p= g, i) = 23 36 36 36 36 36
— 447,

Variance = V(X)=Y, x;?p; — n?

354 +o2) o) ()2 3

~ Variance = 1.99.

4.A random variable X has the following probability function
x; |-3]-2 |-1]0 |1 |2 |3

p(x;) |k |01 |k |02]2k]|04 ]2k

Find k ,mean, variance.

Sol: We know that)}iL; p(x;) =1

i.e k+0.1+k+0.2+2k+0.4+2k = 1

1.e 6k+0.7=1 ~ k =0.05

Mean = pu = Zn_ x;p(x;) = k(—3) + 0.1(—2) + k(—1) + 2k(1) + 2(0.4) + 3(2k) = 0.8
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Variance = V(X)=Y x;?p; — u?
=k(=3)? + 0.12(=2) + k(—=1)? + 2k(1) + 4(0.4) + 9(2k)
=~ Variance = 2.86.
5.A random variable X has the following probability distribution
X 0/1(2 |3 |4 |5 |6 7
P(x) |0 |k |2k |2k |3k | k2 |2k | 7k* + k

Determine i) k ii) Mean iii) Variance.
Sol: Given probability distribution of a random variable X is

x |o[1[2 3[4 5 6 [7
P(x) | 0 | k | 2k | 2k | 3k | k2 | 2k? | 7k + k

1) Since total probability of the distribution is unity i.e, iy P; = 1
We have,
O0+k+2k+2k+3k+k*+2k*+7k*+ k=1
10k? +9%k—-1=0
k==, 1
- 10’
~ k = 0.1(since k > 0 being P; > 0)

i) Mean=pu = Y-, x;P;

=0(0) + 1(k) + 2(2k) + 3(2k) + 4(3k) + 5(k?) + 6(2k?) + 7(7k? + k)

=66k? + 30k

=66(0.01) +30(0.1)

=3.66

s u = 3.66

iii) Variance =g2=Y%1-, x;*p;-u*

=02(0) + 12(k) + 22(2k) + 3%(2k) + 42(3k) + 52(k?) + 62(2k?) +
72(7k? + k) — 3.662

=440k? + 124k—3.662

=440(0.01) +124(0.1)-3.66

=16.8-3.662=3.4044

& 02 = 3.4044

6. A random variable X has the following probability distribution
X 1/2 |3 |4 |5 |6
P(x) [k |3k |5k |7k |9k |11k

Determine i) k ii) P (1< x < 5) iii) P(x>3)
Sol: Given probability distribution of a random variable X is
X 112 |3 |4 |5 |6
P(x) | k |3k |5k |7k |9 |11k

(i)Since total probability of the distribution is unity i.e, >.ieq P; = 1
We have, k + 3k + 5k + 7k + 9k + 11k =1 =k =
P (1<x<5)=P1)+P2)+PB)+P4)+P(5)
=k + 3k +5k+ 7k + 9k
=25k =0.694.

iii)P(x > 3)=P(4) + P(5) + P(6) = 7k + 9k + 11k =27k = 0.75
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7. A Variate has the following probability distribution

X 31619
P [ 1[1]1
6 1213

FindE (X), E(X?) and hence evaluate E((2X + 1)?).
Sol:  Given probability distribution of r.v X is

X 31619
P | 1[1]1
6 1213

) E(X) = XL xP;
= (=3)+5(6) +5(9)
1

2
=5.5.
i) E(X?) Z" 1X%2P = S (=3)2 45 (69 +5(99)
=7 = 46.5.
iiiy  E(2X + 1)? =E(4X2+4X+1)
= 4E(X?)+4E(X)+1
=4(46.5) +4(5.5) +1
=209.

8.Find the expectation of number of tosses require when a coin is tossed until head
appears or five tails occurs.
Sol: Let the random variable X be ‘number of tosses until head or five tail occurs’

then X = {1,2,3,4,5}

Probability of happening of 1 toss = P (Getting head in first toss) =P(H)=§.
Probability of happening of 2 tosses = P(TH)=l l = i.
Probability of happening of 3 tosses =P(TTH)= % % %
Probability of happening of 4 tosses=P(TTTH)==.
Similarly,we have )

Probability of happening of 5 tosses=P (TTTTH OR TTTTT) :% + % =

NIH

111
2°272

Probability distribution of X is

x [1]2]3]4 [5
Px)|L|1][1| 1] 1

21418116116
Expected of number of tosses require when coin is tossed until head appears
or five tails occurs is

n

ECO = ) xip

i=1

-1 1 1 1 L) = =~
= 1)+ 2 (2) + - (3) + " (4) + " (5) =1.9375= 2 tosses.

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLERD) 8




PROBABILITY AND STATISTICS

Continuous Probability distribution:
Let X be a continuous random variable taking values on the interval (a,b). A function f(x) is
said to be the Probability density function of x if
1) f(x) >0VxE€(ab)
i) Total area under the probability curve is li. e, fab f(x)dx = 1.
1) For two distinct numbers ‘c’ and ‘d’ in (a, b) is given by P(c < x < d) =
Area under the probability curve between ordinatesx = candx = di. e
fcd f(x)dx.

Note: P(c<x<d)=P(c<x<d)=P(c<x<d)=P(c<x<d)
Cumulative distribution function of f(x) is given by

f_xoo f(x)dx 1ie, f(x) = %F(x)

Mean: The meanof the continuous Probability Distribution is defined as

u= f x f(x)dx.
Expectation:The Expectationof the continuo&s Probability Distribution is defined as
E(X) =f_°°oo x f(x)dx.
In generalLE(g(x)) = fjooo g(x) f(x)dx.

Properties:

DE(X) =

2)E(X) = KEXX)
EX+k) = EX) + k
4))E(@Xtb) = aEX) £ b

Variance: The variance of the Continuous Probability Distribution is defined as
Var(X) = V(X) = J x? f(x)dx — p2.

Properties:

1)V(c) = 0 where cis a constant
2) V(kX) = k? V(X)

VX +k) = V(X)

4)V(aX £ b) = a% V(X)

Mean Deviation: Mean deviation of continuous probability distribution function is defined
(0]
as M.D=[__|x—p| f(x)dx.
Median: Median is the point which divides the entire distribution in to two equal parts. In case
of continuous distribution, median is the point which divides the total area in to two

equal parts i.e.,faM f(x)dx = f; f(x)dx = % Vx € (ab).
Mode: Mode is the value of x for which f(x)is maximum.
ief'(x) = 0andf (x) <0 forx € (a,b)

Problems

1.If the probability density functionf(x) = Tkxz — o0 < x < oo, Find the value of ‘k’ and
probability distribution function off(x).

Sol: Since total area under the probability curve is li. e, fab f(x)dx = 1.
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[
oo 1+ x2 =4

(00}
2k(tan"1x) 0" 1
2k(tan"too —tan~10) =1

k= -
Tt

Cumulative distribution function of f(x) is given by
X * Kk 1 1 X 1m 1
.[_oof(x)dx=foo1+xzdx=;(tan X) I 1—T[§+(tan x)].
2. If the probability density function f(x) = ce ™ — o0 < x < oo,
Find the value of ‘c’, mean and variance.

Sol: Since total area under the probability curve is 1 i.e, fab f(x)dx = 1.

j ce Xldx =1
2.[ ce *dx=1
0

2¢ (5) =1
1

.'.CZE

Mean,u = [ x f(x)dx = %ffooo xe~ X dx = 0 since xe ¥ is an odd function .
Variance = V(X)

= f x? f(x)dx — p?

1 [oe]
€ Ef_ooxze_b" dx

1(® 00
e Ef 2x%e X dx = [x%2(—e™¥) — 2x(e™¥) + 2(—e™)] 0= 2.
N sinx
3. If the probability density function f(x) = { 2 JfO<x<m
0, otherwise
Find mean, median, mode andP(0 < x < g).

. —y = [® A S T T L
Sol:Mean u—f_ooxf(x)dx—zfox o dx = > [—xcosx + sinx] § = 7.

Let M be the Median then
M s 1
f f(x)dx = f f(x)dx = = ¥ x € (—00, o)
0 M 2
Msinxd j“sinxd 1 vxE )
— = — = - —00, CO
, 2 T ), T ’
Consider f; % dx = % then (- cosx)
TT
M= > -
sinx
Sincef(x)z{ 2 if0<x<mn
0, otherwise
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To find maximum, we have f'(x) = 0
i.e.cosx = 0 implies that x = g

and f"' (x) = —% which is less than 0 at x = g
~ Mode = g
4.1f the distributed function is given by
Oifx<1
F(x) ={k(x—1*if1<x<3
1ifx>3

Find K, f(x), mean.
Sol: Cumulative distribution function of f(x) is given by
X .
o f®dx e, f(x) = %F(X
0ifx<1
i.e, f(x) ={4k(x—1)3if1 <x <3
0ifx >3
Since total area under the probability curve is li.e, fab f(x)dx =1

3
.[ 4k(x—1)3dx =1
1

[k(x—1)*]3=1
. k_ 1
16

o f(x) :{Z x—-13%if1<x<3
0ifx >3
Mean=p = [* x f(x)dx = %ff x(x — 1)3dx = 19.6.
5.X is a continuous r.v with probability density function given by

kx 0<x<2
f(x)={2k 2<x<4
—kx+6k 4<x<6
Find i) k ii) Mean of X
Sol:  Given probability density of a random variable X is
kx 0<x<?2
f(x)={2k 2<x<4
—kx+6k 4<x<6

i)Since total probability of the distribution is unity i.e, f_oooo f(x)dx =1
We have,

fozf(x)dx + f;f(x)dx L6f(x)dx =1

2 4 6
f (kx)dx +f 2k dxf (—kx+6k)dx =1
0 G s
(k)3 (k)% + (—k% + 6kx)g=1
k = 0.125.
ii)Mean=p = f_ooooxf(x)dx = foz xf(x)dx + f: xf(x)dx ff xf(x)dx
=f02(kx2)dx + f: 2k xdx ff(—kx + 6k)xdx
x3 x? x3 x?
= (k=) + (2k=)7 + (k—+ 6k—)3
3 2 3 2
= 3.
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6.The diameter of ban electric cable assumed to be a continuous r.v with p.d.f
fx)=kx(1—-x) 0<x<1
Find i)k ii)b such that P(x<b)=P(x>b).
Sol: Given probability density function of a random variable X is
f)=kx(1—-x) 0<x<1
(i) Since total probability of the distribution is unity i.e, ffooof(x)dx =1

We have fol kx(1—x)dx =1

x2 %3\ 1
k= —k=) =1=k=-
( 2 3>0 7%

(i) Given that P(x<b) = P(x>b)
fobf(x)dx = fblf(x)dx = fob kx(1—x)dx = fbl kx(1— x)dx

2 3 2 3 -
b7y _1
G
6b%-2b3—1=0
Solving above equation,we get
b = 0.5 ( by neglecting other roots which do not belong to(0,1)).

Multiple Random Variables

Discrete two-dimensional random variable:

Joint probability mass function is defined as f(x,y) = P(X = x;,Y = y;)
Joint probability distribution function is defined as

Fxy(x,y) =P(X <xj,Y <yj) =Xcx X<y P(Xi, Yj)

Marginal probability mass functions of X and Y are defined as

POX=%) =p() = ) pCxi, )
j
P(Y=y;) =p(y;) = Zp(xi'Yj)

Continuous two-dimensional random variable:
Joint probability density function is defined as
fxyxy) =P <X<x+dx,y<Y<y+dy)
and [ [, fy (o y) dxdy = 1
Joint probability distribution function is defined as
Fxy(xy) =PX <x,Y <y) =", [7, fv(xy) dxdy

02
andfyy(x,y) = ax0y [Fxy(x,y) ]

Marginal probability density functions of Xis defined as

() = f ey (x,y) dy

Marginal probability density functions of Yis defined as
fy (Y)zf_oo fxy(x,y) dx
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Conditional probability density function :
Conditional probability density function of X on Y is

fyxy (%, y)
foy(X/Y) = ———
xv(X/ fy(y)
Conditional probability density function of Y on X is
fxy(xy)
fyy (Y/X) =
XY / fX (X)
Problems
1.For the following 2-d probability distribution of X and Y
xX\Y 1 2 3 4
1 0.1 0 0.2 0.1
2 0.05 0.12 0.08 0.01
3 0.1 0.05 0.1 0.09

Find i) P(X< 2,Y = 2)ii)Fx(2) iii)P(Y=3) iv) P(X< 3,Y < 4) v)Fy(3).
Sol: Given

X\Y |1 2 3 4

0.1 |0 0.2 |0.1
0.05]0.12 1 0.08 | 0.01
0.1 10.05]0.1 [0.09

W N =

P(X< 2,Y = 2)=P(X=1,Y = 2)+ P(X= 2,Y = 2)
= 0+0.12
=0.12

ii) Fy(2) =P(X< 2) =P(X= 1) + P(X= 2)
=Y pxi, ;) + X p(xi.y5)
=(0.1+0--0.2++0.1+(0.05+0.2+0.08+0.1) = 0.66

iii) P(Y=3) =X p(x;,¥;)
=0.2+0.08+0.1
=0.38.

iv) P(X< 3,Y < 4) =P(X< 3,Y = 1)+ P(X< 3,Y = 2)+ P(X< 3,Y = 3)
+P(X< 3,Y = 4)

=P(X=1,Y=1)+P(X=2,Y = 1)+ P(X=1,Y = 2)
+P(X=2,Y = 2)+ P(X=1,Y = 3) +P(X=2,Y = 3)
+P(X=1,Y = 4) +P(X=2,Y = 4)

= (0.140+0.2+0.1) +(0.05+0.2+0.08+0.1)
=0.66
V)F,(3)=P(Y< 3) =P(Y= 1) + P(Y= 2)+ P(Y= 3)
=(0.1+0.05+0.1) +(0+0.12+0.05) +(0.2+0.08+0.1)
=0.8

2.Suppose the random variables X and Y have the joint density function defined by
c(2x+y)if2<x<60<y<5
0 otherwise

fxy) = {

Find i)c ii)P(X>3,Y>2) iii) P(X>3)
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Sol: Since [~ [ f(x,y) dxdy =1

6 5
ff c(2x+y)dydx =1
x

f 2y + 9 P ax = 1
2c(xy 2)0 X =

6 25
f c(10x+—)dx=1
) 2

x? | 25%.6 _
C(10?+T)2_1
_ 1
. ©= 210
iP(X >3,Y >2) = [’ [ f(xy) dydx
6 5 1
=/5 J, —5 (2x +y)dydx
_1 (6 ¥>\5 4., _15
o 2510f3 (2xy + =) ;dx =
iii) )P(X > 3) = EIB J, f(x,y) dydx
65
1
=m.ff(2x+y)dydx
30
1 [(° y2 5
= m (2XY+?)OdX
3
BEL
~210), \UF T2
1 ) 25%\, 6 23
= [10x2 + (10x + Z2)] =

3.The joint density function defined by

cxy)ifl1<x<3,2<y<4
f =
(x.y) { 0 otherwise
Find i)c
ii) Marginal probability density functions of X and Y
iii) Show that X and Y are  independent.

Sol: Since [ [~ f(x,y) dxdy = 1
43
f f c(xy)dxdy = 1
2 1 5
4
ey (%) idy=1

8c (y? 1
_(y_)4:1 Le= =
2 \2/2 24

i1) Marginal probability density functions of X and Y
Marginal probability density functions of X 1is

o0 1 (4
fy(x) = [_ fxy(xy) dy = Zfz xy dy =§
Marginal probability density functions of Y is
oo 4
fY(Y):f_OO fxy(x,y) dx :i fl Xy dx :%

iii)Clearly fxy () =3 == 7% = fx () ()
. Xand Y are independent.
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4.The joint density function defined by
Xy
2 AN
f(x,y)={(x + 3)1f0<x<1,0<y<2
0 otherwise
Find

i) Conditional probability density functions.

i) Marginal probability density functions

iii) Check whether the functions X and Y are independent or not
K+ if0<x<1,0<y<2

0 otherwise
Marginal probability density functions of X is

£00 = [ fey (o) dy = 202 + ) dy = 2x(x +2)
Marginal probability density functions of Y is
)= Fy (x,y) dx =[] (2 + ) dx ——; +1
Here  fy(y) fx(x) = 2x(x + )G +9)

~xy(xy) # fx(x) fy(y)
Hence X and Y are not Independent.
Conditional probability density function of X on Y is

_ fxy(xy) _(XZ +X3_y)

Sol: Givenf(x,y) = {

Conditional probability density function of Y on X is
fxy(xy)_ x2 "'Xg_y)
fx(X) 2x(x+§)

ey (Y/X) =
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TUTORIAL QUESTIONS

1) For the following bivariate, find, (i) P(X<2, Y=2)
(i) Fx(2)

1 o1 o |02 |01 |
iv) P(X<3,Y<4) and (v) Fy(3
> To0s 012008 oor] ™ ) (v) Fy(3)

3 0.1 10.05/0.1 |0.09
2a) A random variable X has following P.D. Find (i) k (ii) P(X>6) (iii) Find ‘¢’ if P(X < c)>§

X JoJ1]2 3456 [7
PX) | 0 |k |2k | 2k | 3k | K2 | 2K | 7K%+k

b) If F(x) is the distribution function of X given by

0,x<1
F(x) Z{k(x -DH1<x < 3} Find (i) f(x) (ii) k (iii) mean
1,x>3
cxy,1<x<32<y<4
3) The joint density function given by f;,, (x,y) = [ 0, otherwise }

Find (i) c (i1)) marginal density functions (iii) conditional density functions
(iv) S.T X ,Y are independent

4a) A sample of 4 items is selected at random from a box containing 12 items of which 5 are
defective . Find the expected number of defective items.
b) If the p.d.fis f(x) =1fx2,- oo<x<oo Find (1)K (ii) Probability distribution function
kxe ™ ®*,x > 0,aa >0
5a) A continuous r.v has the p.d.f f(x)={ 0, elsewhere } Determine (1)K, (ii) mean

(111) variance

b) A random sample with replacement of size 2 is taken from S ={1,2,3}. Let X denote sum of
2 no. s taken .(i)Write probability distribution (ii) find mean
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ASSIGNMENT QUESTIONS

o k(1-x%), 0<x<1
1.Ifthe p.dfofar. b = { '
ep of a r.vxis given by f(x) 0, otherwise

find i)k
0 ifx<1
2.If F(x) is the distribution function of x is given byF(X) =< k(x — D* if 1 <x <3
1 ifx >3

Determine 1) f(x) ii1) k iii)mean
3. If X is a continuous r.v and Y=kX+c prove that E(Y)=kE(X)+y and V(Y)=k2V (X),where V
stands for Variance

4. A random variable has the following probability function
X 0|1 |2 3 4 5 |6 7

P(x) [0 [K |2K |2K |3K |K? |2K? | 7K®+K

Determine 1) K i1) Mean iii)Variance iv) P(2< X < 6).

cxy, 1<x<32<y<4
0, otherwise

Find (i) ¢ (i1) marginal density functions (iii) conditional density functions

(iv) S.T X ,Y are independent

5. The joint density function given by f;cy (x,y) = {
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UNIT 2
PROBABILITY DISTRIBUTIONS

<
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PROBABILITY DISTRIBUTIONS
Binomial Distribution: A Random variable ‘X’ has binomial distribution if it assumes only
non-negative values with probability mass function given by

p(x=r1) = {ncm’q"" r=012----n
0 otherwise
=b(r;n,p)

Conditions For Applicability of Binomial Distributions:
1. Number of trials must be finite (n is finite)
2. The trails are independent
3. There are only two possible outcomes in any event i.e., success and failure.
4. Probability of success in each trail remains constant.

Examples:
1. Tossing a coin n times
2. Throwing a die
3. Number of defective items in the box
Mean of the Binomial Distribution

n
u= z r.P(r)
n r=0
= Z r.n, P'q"™"

= n.,p'q"' + 2n,P"q" % + 3nc3p3q¥1_03 + - ...nng p"q* "
= rlp1qn—1 + 2. n(I;Tl) pzqn—z + 3. n(n—13)'(n—2) pgqn—3 + — — +np"
=np[ ™ V+(n = )¢, p'q® P + — — — 4 p7?
=np[p +q]"~!
= np since [p+q = 1]
~.Mean p=np.

Variance of the Binomial Distribution
n

0? = EX*] = (BIX]? = EIX?] - 2 = ) r2p(r) - 12

r=0
n

= Z[r(r — 1) +r]P(r) — p?

r=0
n n
= Z r(r— 1DP(r) + Z r. P(r) — n?p?
r=0 r=0
n
= z r(r — Dn, P'q""" + np — n?P?
r=0
n n
Letz r(r— 1)P(r) =Z r(r — Dn, P'q"" = 2n., P?q*n""? + 6n,P3q" 3

r=0

i 102nCrP4q“‘4+---— +n(n—1)P"

=n(n — DP?[q" 2 + +(n — 2), plq® D7 + .. 4 p?]
=n(n— 1)P%(p + q)" 2 = n?P? — nP?
Thus 02 = n?P% — nP? + np — n?P?

=np(1 —p) = npq.
~Variance 6% = npq
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Recurrence Relation

pr+1)=ne, @O (1)
p(r) = nc. (@) (@™ i 2

@) _p(r+1) _ ey, @@
@ »p@®  ng,®T (@
. p(r+1) e, (E)
p(r) Ne, q

pr+1) == (F)p(),

Problems
1.In tossing a coin 10 times simultaneously. Find the probability of getting
i) at least 7 heads ii) almost 3 heads iii) exactly 6 heads.
Sol: Givenn = 10
1

Probability of getting a head in tossing a coin = S =D
Probability of getting no head=q =1 — %= %

The probability of gettingr heads in a throw of 10 coins is

r 10-r

1 1
P(X=7)=p()= 10, (E) (E) r=0,12,......,10

(1)Probability of getting at least seven heads is given by

PX>7)=P(X=7)+ P(X =8)+P(X =9) + P(X = 10)
7 10-7 8 10-8 9 10-9 10

Q) 00 Q) 00 @) ) 00

1 176

(i1)Probability of getting at most 3 heads is given by
PX<3)=PX=0)+PX=1D+PX=2)+PX=3)

11 110—1 12 110—2 13 110—3 110
= 10, (z) (z) +10c, (z) (z) + 10c, (z) (z) + 10¢, (z)

1
=75 [10¢, + 10¢, + 10, + 10, ]

176

= [120 + 45 + 10 + 1] = —= = 0.1719
2 1024

(ii1)Probability of getting exactly six heads is given by

1 6 1 10-6
P(X = ) =10, (3) (3)
=0.205.
2.In 256 sets of 12 tosses of a coin ,in how many cases one can expect 8 Heads and 4 Tails.

Sol: The probability of getting a head, p = %
The probability of getting a tail,q = %
Heren = 12
1\8 /1\*
The probability of getting 8heads and 4Tails in 12trials= P(X = 8) = 12 Co (E) (E)
12! (1)12 495

T 8ra\2) T 21z
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The expected number of getting 8 heads and 4 Tails in 12 trials of such cases in256 sets

—256><P(X—8)—28><495—495—309375 3
N e 212 16 T

3.Assume that 50% of all engineering students are good in Mathematics. Determine the
probabilities that among 18 engineering students (i) exactly 10 (ii) at least 10 (iii) at
most 8 (iv) at least 2 and at most 9 are good in mathematics.
Sol: Let x be the number of engineering students who are good in Mathematics.

p= The probability of students good in mathematics = 50% = %
1
q=1-p=3
n = Number of students = 18
The probability distribution is p(x) = CFp*q"™* = CI8(5)*(5)187* = C}()™®
()P(exactly 10) =p(10) = C{§(5)!® = (5)18(43758) = 0.1669

18
(ii) P( at least 10) = P(X=> 10) = 332, C}° (%)
18

1
= (5) [cfs+cip el 4 cl

1\18 1\18
(iii) Pat most 8) = P(X< 8) = X8 €% (3) = (5) [C3°+Ci®+C3% + -+ C3¥)

2

18
(iv)P(at least 2 and at most 9) = P(2<X<9)= Y)_, C18 G)
1 18
P2=X=<9)= (5) [C38 + C38 + C}8 + -+ + C28]

4.Find the probability of getting an even number 3 or 4 or 5 times in throwing a die 10 times
Sol: Probability of getting an even number in throwing a die = % = % =p

Probability of getting an odd number in throwing a die =q = %

~Probability of getting an even number 3 or 4 or 5 times in throwing a die 10 times is
PX=3)+PX=4)+ P(X=5)

i, (O (10 0 ) 410, 0 (1
=2%[1063 +10¢, + 10,

=2% [120 + 252 + 210]

=0.568.
5.0ut of 800 families with 4 children each ,how many could you expect to have
a)three boys b)five girls c) 2 or 3 boys d)at least 1 boy.
Sol: : Givenn = 5,N = 800
Let having boys be success
Probability of having a boy =§ = p.
1

Probability of having girl =g =1 — %: >

The probability of havingr boyss in 5 children is
1 T 1 5-r
PX=1r)=p()= 5 <§> (E) ;r=01,2..... 5
3 ,17\5-3
a)Probability of having 3 boys is given by P(X = 3) = 5, G) G) = %

Expected number of families having 3 boys = N p(3) =800(1—56) =250 families.
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b) Probability of having 5 girls = Probability of having no boys is given by

=05 (6" -

Expected number of families having 5 girls = N p(0) ZSOO(%) =25 families.
c) Probability of having either 2 or 3 boys is given by

=950 3 0) o () () -5

Expected number of families having 3 boys = N p(3) =800(§) =500 families.

d) Probability of having at least 1 boy is given by
PX=21)=1-PX=0)

s (1)0 (1)5_0 31
- t\2/) \2 32

Expected number of families having at least 1 boy =800(§) =775 families.
6.Fit a Binomial distribution for the following data.

x|0(1 |2 [3 |4 |5
f 12142034228
Sol: Givenn=5)f =2+14+20+34+22+8 =100
Yxifi==0(02) +1(14) + 2(20) + 3(34) + 4(22) + 5(8) =284
Lxifi_28%_ 5 g4
»f; 100

We have Mean of the binomial distribution = np = 2.84

Lp = % = 0.568;q =1 —0.568 = 0.432.

Table To Fit Binomial Distribution

X P(X= x;) E(X)
0 | 5¢, (0.568)°(0.432)°79=0.02 | N p (0) =100(0.02)=2

~ Mean of the distribution =

I 15.,(0.568)'(0.432)%71=0.09 9

2 | 5.,(0.568)%(0.432)572=0.26 26
3 | 5¢,(0.568)3(0.432)°73=0.34 3
4 | 5¢,(0.568)%(0.432)54=0.22 2
5 | 5¢,(0.568)°(0.432)575=0.059 5.9

Fitted Binomial distribution is
x[0]1 |2 |3 |4 |5
f12110(26(34|22|6
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POISSON DISTRIBUTION
A random variable ‘X’ follows Poisson distribution if it assumes only non-negative values with
probability mass function is given by
e "
P(XZT) =P(T,'/1) — T'! fOT‘ y=0,1, ...(ﬂ.>0)
0, otherwise

Conditions For Poisson Distribution
1. The number of trials are very large (infinite)
2. The probability of occurrence of an event is very small (1 = np)
3. 1 =np = finite

Examples:
1. The number of printing mistakes per page in a large text
2. The number of telephone calls per minute at a switch board
3. The number of defective items manufactured by a company.

Recurrence Relation

—Aar+1
Pr+1) =" (1)
e~ AT

P(r) =5 2)
1 Pr+1) e 4221 ¥ 7!
27 P(r)  (+Dr!" e Ax2

P(r+1) = (H—Ll) P(r) forr=012————

Problems
1.Using Recurrence relation find probability when x=0,1,2,3,4,5, if mean of P.D is 3.
Sol: We have

P(r+1) = (=) PGr) forr = 01,2 — — — =(1)
Givend=3
P(0) = e;;; 0L e~3 [ by definition of Poisson distribution ]
From (1),
Forr =0,P(1) = (%) P(0) =3 e~3
Forr=1,P(2) = (=) P(0) = e~
Forr =2,P(3) = (%)P(O) — 73
Forr =3,P(4) = (%)P(O) e
Forr =4,P(5) = (=) P(0) =% 2.

2.If X is a random variable such that 3P(X = 4) = @ +P(X = 0).

Find mean, P(X < 2).
Sol: Given3P(X = 4) = 2“2 4 p(X = 0).....(1)

-Agr
. . . . e A
Since X is a Poisson variable,P(x = r) = —

e )% B e 122 N e 120
41 (2)2! 0!

s 3
Solving it we get A* — 242 —4 =0
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Taking A2 = k,we get k> —2k —4 =0

wk=4,-2
A2 =4
A=2

Therefore, Mean of the Poisson distribution = 2
PX<2)=PX=0)+PX=1)+PX=2)
—-2170 —291 Y
_eof elf ezf —0.54.
3.A car hire firm has 2 cars which it hires out day by day.The number of demands for a
car on each day is distributed as poisson with mean 1.5 Calculate the proportion of days
i)on which there is no demand
ii) on which demand is refused.
Sol: Let number of demands for cars be the success.
Given mean = 1.5= 1

e AT
r!
1)Probability that there is no demand for car is

Using Poisson distributionP (x = r) =

6_15(1J5)0
P(x = 0) = T =0.223
Expected number of days that there is no demand ='NP(0) = 365(0.223)
= 81.39~ 81 days

i1) Probability that demand refused for car is
Px>2)=1-Px=0)—P(x=1)—P(x=2)
6_15(1J5)0 6_15(1J5)1 6_15(1J5)2
== T T2
Expected number of days that demand refused for car = NP(x > 2)
= 365(0.191) = 69.7~ 70 days.
4.A hospital switch board receives an average of 4 emergency calls in a 10-minute interval.
What is the probability that (i) there are at most 2 emergency calls in a 10 minute
interval(ii) there are exactly 3emergency calls in a 10-minute interval.
Sol: Mean, A= (4 calls/10 minutes) = 4 calls

—A)Lx —4gx 1 4%
AP(X=x) === =

(1)P (at most 2 cal)lds) =P (;(!S 2) "N
=P(X=0) +P(X=1) + P(X=2)

B S ST B LR P
=+t 2 13e~* =0.2381
(ii)P (exactly 3 calls) = P(X=3) = —. =~ = 0.1954

3!

=0.191

5.The distribution of typing mistakes committed by typist is given below.
Fit a Poisson distribution for it.

Mistakes per page | 0 1 2 |3 |4]5

Number of pages | 142 [ 156 | 69 |27 |5 | 1

Sol: Givenn=5,) f =142+ 156 + 69+ 27 + 5+ 1 = 400
Yoxifi==0(142) + 1(156) + 2(69) + 3(27) + 4(5) + 5(1) =400
~ Mean of the distribution = Lxifi 200 _
Sf; 400

We have Mean of the Poisson distribution =1 =1
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Table To Fit Poisson Distribution

X P (1Xi)0 E (Xi): N P (Xi)
0 | et(°_ 400(0.368) =147.2~147
0,368 (0.368)
1| 0368 147
2 e
S ==0.184 4
-1 3
3 %:0.061 24
e—1(1)4
4 = 6
L =0.015
e 1(1)5
5 5(' " _ 0.003 1

Fitted Poisson distribution is
Mistakes per page | 0 1 2 |3 1415
Number of pages | 147 [ 147 |74 |24 |6 | 1
6.A manufacturer of television set known that on an average 5% of their product is
defective. They sell television sets in consignment of 100 and guarantees that not more
than 2 set will be defective. What is the probability that the TV set will fail to meet the
guaranteed quality?
Sol: The probability of TV Set to be defective = p = 5% =0.05
Total number of TV sets , n =100

~.Mean, A =np = 100(0.05) = 5
e"AAX e~ 5%
We have P(X= x)= =

x! x!
P (a TV set will fail to meet the guarantee) = P(X>2) = 1-P (X< 2)
= 1-[P(X=0) + P(X=1) + P (=2)]
-5¢e0 -5l —-5g2
~1- [e 5 + e 5 e 5 ]
o! 1! 2!
=1-0.1247=0.8753

NORMAL DISTRIBUTION (GAUSSIAN DISTRIBUTION)

Let X be a continuous random variable, then it is said to follow normal distribution if its pdf is
given by

1 Lx—p)?
(v),—oonsoo,u,PO

f (o u0)=

oV2m
Here , o are the mean & S.D of X.
Properties Of Normal Distribution

Normal curve is always centered at mean
Mean, median and mode coincide (i.e., equal)
It is unimodal

It is a symmetrical curve and bell shaped curve

P
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X-axis is an asymptote to the normal curve

The total area under the normal curve from —oo tooo is “1”
The points of inflection of the normal curve are u + o, u + 30
The area of the normal curve between

o N wn

U—otou+oa =6827%
u—20tou+ 20=9544%
u—30tou+ 30=99.73%

9.The curve for normal distribution is given below

— 3o a— 2 o— o A Eoa e M+ 2o A+ 3o

Standard Normal Variable

LetZ = % with mean ‘0’ and variance is ‘1’ then the normal variable is said to be standard

normal variable.
Standard Normal Distribution

The normal distribution with man ‘0’ and variance ‘1’ is said to be standard normal distribution
of its probability density function is defined by

1 1/x—u\2
= 5 — o0
f(x) a\/ﬁe <x<
f(z)=\/%e‘§2—oonsoo (wu=0,0=1)

Mean Of The Normal Distribution
Consider Normal distribution with b,o as parameters Then

(x—b)?
f(x; b, 0)

e 202
oV2T
Mean of the continuous distribution is given by
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| * f60d | xR
n= x f(x)dx = X e 202 dx
—o —w  OV2T

o _@? )
:\/;_n J_ . (oz+b)e 2 dz[Puttingz = % so that dx = o dz]
_(z )2 o (2)2

o [00] —_
= 2 2
mf_oo 2 dz+ ﬁf_we dz
2b (Z)Z
= 2
mf—o 2 dz
_@? _@?
[sinceze 2 isanodd functionande 2 isan even function]
2b
W=T7=V2 ~
~ Mean= b

Variance of the Normal Distribution

Variance = ffooo x? f(x)dx — p?

x%e” ' dx —
0\/
Letz=— = dx = odz
[ee] ZZ
= j(uz + 02z%2 + 2poz) e zodz — p?
oV2T

2 [ ot [ 2 2u0 2
L je_7d2+— jzze Wz + 5 [ a2zt dz — p?
211_ 211_ \/211
22 [ 2 02 2
=—— | e zdz+— | z?ez dz—p?
\/2110 V2T
2 o 2
—%fo z%e" 7 dz
[ z? 2zdz q q dtl
= = — = 7 = —
2 2 V2t

_20% 0 ot 2 g 2200 p(3) _ 2001 (1) 2 o 2
= fe +2 .dt—\/ﬁl"z_\/ﬁzf‘()—ﬁ\/ﬁ—c

ool = j x? f(x)dx — p?
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Median Of The Normal Distribution

Let x=M be the median, then

1

_Zf(x)d)(:ff(x)d)(:z

Let pe(—oo, M)

Let [° f()dx = [* f(0dx + f:" G0 dx = 1

. 1 _ ‘
Consider f_”m f(x)dx = = f_”oo e Tu)z dx
Letz = % = dx = odz [+ Limits of z — c0o — 0]
H 0
[ f90x=—— [ o
X)dx =——= | e 2 0dz
- c$\/21't_c>o

_t?

= \/% fo(: e 2z (dt) (by taking z=-t again)
1 m 1
) Efz "2
m
-'-ff(x)dx=0=>u=M
M
Mode of the Normal Distribution

1 1wy -
f(X):Gme 2(555) _(XO_H)

2

1 R S 1
f‘(x)=0=>cmez(cu) (7)2()(0“)5:0

~ X = pis the mode of normal distribution
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Problems :
1. If X is a normal variate, find the area A
i) to the leftof z = 1.78
ii) to the right of z = —1.45
ii) Corresponding to —0.8 <z < 1.53
ii1) to the left of z = —2.52 and to the right of z = 1. 83.

Sol: i) P(z < —1.78) = 0.5 - P(-1.78 <z < 0)
=05-P(0<z<1.78)
0.5-0.4625 =0.0375.
ii)P(z > —-1.45) =05+ P(—145<z<0)
=05+ P(0<z<1.45)
=0.5+0.4625 =0.9265.
ii)P(—08<z<153)=P(-08<z<0)+P(0<z<153)
=0.2881+0.4370=0.7251.

iv)P(z < —2.52) = 0.5 - P(0 < z < 2.52)=0.0059
P(z > 1.83) =05-P(0<z<1.83)
=0.036
2.If the masses of 300 students are normally distributed with mean 68 kgs and standard
deviation 3kgs.How many students have masses
i)greater than 72Kkgs.
ii)less than or equal to 64 kgs
iii)between 65 and 71 kgs inclusive.
Sol: Given N=300,u = 68,0 = 3.Let X be the masses of the students.

1) Standard normal variate for X=72 is
x—yu 72-—68
z= = =1.33
o 3

P(X > 72)=P(z > 1.33)

==0.5-P(0 <z<1.33)
=0.5-0.4082
=0.092
Expected number of students greater than 72 = E(X>72)
=300(0.092)
=27.54~28 students

i1) Standard normal variate for X=64 is
_x—p  64—068

=-1.33
o 3

VA

P(X <64)=P(z <—-1.33)
==0.5 - P(0 < z < 1.33) (Using symmetry)
=0.5-0.4082
=0.092
Expected number of students less than or equal to 64 = E(X less than or equal to 64)
=300(0.092)
=27.54~28 students .

iii)Standard normal variate for X=65 is

_x—u 65—-68
ATy T T3 B

Standard normal variate for X=71 is
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P(65<X<71)=P(-1<z<1)
=P(-1<z<0)+ P(-0<z<1)
=2P(-0<z<1)

=2(0.341) = 0.6826
E(65 <X <71) = 300(0.6826) = 205 Students.
~Expected number of students between 65 and 71 kgs inclusive = 205 students.

3.In a normal distribution 31% of the items are under 45 and 8% of the items are
over 64. Find mean and variance of the distribution.
Sol: Given P(X < 45)=31% = 0.31
And P(X > 64)=8% = 0.08
Let Mean and variances of the normal distributions are y, 6.
Standard normal variate for X is

7 =
o
Standard normal variate for X;=45 is

Xi—p 45—p

zZ, =
o o
=> u+oz; =45....... (D
Standard normal variate for X,=64 is
Xo—u 64—p
Z, = =
o o
=> u+0z, =64...... (2)
From normal curve, wehave P(—z; <z < 0) = 0.19
=z; =-05
P(0 <z<2z,)=0.42
=z, =141
substituting the values of z; z, in (1) and (2), we get

= 50,02 =098.

4. In a normal distribution 7% of the items are under 35 and 89% of the items are
under 63. Find mean and variance of the distribution.
Sol: Given P(X < 35)=7% = 0.07

And P(X < 63)=89% = 0.89

Let Mean and variances of the normal distributions are u, o2.

Standard normal variate for X isz = x?T”

. . X;— 5—
Standard normal variate for X,=35 isz; = 17“ = 3u

g
= u+o0z; =35........ (D)

Standard normal variate for X,=63 is

= u+0z, =63...... (2)
Given P(X < 35) =P(z < z;)
0.07=0.5-P(-2z, <z<0)
P(0<z<2z)=043
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From normal curve, we have
=z, =148

We haveP(X < 63) = P(z < z;)
0.89=05+P(0 <z <1z)
P(0<z<2z,)=039
From normal curve, wehave = z, = 1.23
substituting the values of z; z, in (1) and (2), we get
n=50, o?=100.

5.A r.v X is a normally distributed with mean 30 and SD 5.
Find the probabilities that (i)26 < X <40 (ii) X > 45
Sol: Given mean p=30,6=35

26-30

(i)  When x=26,z = % === —08 = z(say)
When x=40, z = —* = 40;30 = 2 = z,(say)

o
P (26<X<40)=P(-0.8<z<2)
=A(z2) + A(z1)
=A(2) +A(-0.8)
=0.4772 + 0.2881 = 0.7653(from Normal table)
(i)  Whenx=45,z = % = 45;30 = 3 = z,(say)
~P(X>45)=P (z; = 3)
=0.5-A(zy)
=0.5-A (3)
=0.5-0.49865
=0.00135
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TUTORIAL QUESTIONS

1. Out of 800 families with 4 children each, how many could you expect to have

1)three boys 1ii)five girls iii) 2 or 3 boys iv) at least 1 boy.
2. Suppose 2% of the people on the average are physically handicapped .Find

1) the probability of  finding 3 or more Physically handicapped

i1) the probability of finding atmost 2 are handicapped
3. If X is a normal variate with mean 30 and variance 25.Find

1)P(26<X<40) ii)P(X>45).
4. In a normal distribution, 7% of the items are under 35 and 89% are under 63.
Determine the mean and variance of the distribution.

5.Fit a Poisson distribution to the following data

X 0 1 2 3 4 5

f 142 | 156 69 27 5 1
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ASSIGNMENT QUESTIONS
1. A sales tax officer has reported that the average sales of the 500 business that he has to
deal with during a year is Rs.36,000 with a standard deviation of Rs.10,000. Assuming
that the sales in these business are normally distributed ,find :

1) The number of business as the sales of which are greater than Rs.40,000
i1) The percentage of business the sales of which are likely to range between Rs.30,000 and
Rs.40,000

2. If the variance of a Poisson variate is 3 . Find the probability that
i) P(x=0) 1)P(1<x<4) iii) P(x>2)

3. The mean and SD of a normal variate are 8 and 4 respectively .Find 1) P( 5<x<10)
1)P(x>5)

4. Average number of accidents on any day on a national highway is 1.8 .determine the
probability that the number of accidents are 1) atleast one ii) at the most one iii) exactly
one

5.If X is a normal variate , find

1) to the left of Z=-1.78

11) to the right of Z=-1.45

ii1) corresponding to -0.80<Z<1.53

1v) to the left of Z=-2.52 and to the right of Z=1.83
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UNIT 3
CORRELATION
AND
REGRESSION

-
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OBJECTIVE

To understand linear relationship between two variables and also to predict

how a dependent variable changes based on adjustments to an independent variable.

OUTCOME

Make data-driven decisions by using correlation and regression.
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CORRELATION AND REGRESSION
CORRELATION

Introduction

In a bivariate distribution and multivariate distribution, we may be interested to find if there is any
relationship between the two variables under study. Correlation refers to the relationship between
two or more variables. The correlation expresses the relationship or interdependence of two sets
of variables upon each other.

Definition Correlation is a statistical tool which studies the relationship b/w 2 variables &
correlation analysis involves various methods & techniques used for studying & measuring the
extent of the relationship b/w them.

Two variables are said to be correlated if the change in one variable results in a corresponding
change in the other.

The Types of Correlation

1) Positive and Negative Correlation: If the values of the 2 variables deviate in the same
direction

1.e., if the increase in the values of one variable results in a corresponding increase in the values
of othervariable (or) if the decrease in the values of one variable results in a corresponding
decrease in the values of other variable is called Positive Correlation.

e.g. Heights & weights of the individuals If the increase (decrease) in the values of one variable
results in a corresponding decrease (increase) in the values of other variable is called Negative
Correlation.

e.g, Price and demand of a commodity.

2) Linear and Non-linear Correlation:The correlation betweentwo variables is said to be
Linear if the corresponding to a unit change in one variable there is a constant change in the other
variable over the entire range of the values (or) two variablesx, yare said to be linearly related if
there exists a relationship of the form y = a + bx.
e.g when the amount of output in a factory is doubled by doubling the number of workers.
Two variables are said to be Non-linear or curvilinear if corresponding to a unit change
in one variable the other variable doesnot change at a constant rate but at fluctuating rate.
i.eCorrelation is said to be non-linear if the ratio of change is not constant. In other words,
when all the points on the scatter diagram tend to lie near a smooth curve, the correlation is
saidto be non-linear (curvilinear).

3) Partial and Total correlation: The study of two variables excluding some other
variablesis called Partial Correlation.
e.g. We study price and demand eliminating the supply.
In Total correlation all the facts are taken into account.
e.g Price, demand &supply ,all are taken into account.

4) Simple and Multiple correlation:When we study only two variables, the relationship is
described as Simple correlation.
E.g quantity of money and price level, demand and price.
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The following are scatter diagrams of Correlation.

STRONG POSITIVE WEAK POSITIVE STRONG NEGATIVE
CORRELATION CORRELATION CORRELATION

WEAK NEGATIVE MODERATE NEGATIVE
CORRELATION ol st NO CORRELATION

Karl Pearson’s Coefficient of Correlation
Karl Pearson suggested a mathematical method for measuring the magnitude of linear relationship
between 2 variables. This is known as Pearsonian Coefficient of correlation. It is denoted by 7r’.
This method is also known as Product-Moment correlation coefficient
r = Cov(xy) _ Y xy _ > XY
OxOy Noxoy \/W
X = x—X), Y=(y—Y) where,X,Y are means of the series x&y.
oy = standard deviation of series x
oy = standard deviation of series y

Properties
1. The Coefficient of correlation lies b/w —1&+1 .
2. The Coefficient of correlationis independent of change of origin & scale of measurements.
3. IfX,Y are random variables and a, b, ¢, dare any numbers such thata # 0,c # 0 then
ac
r(aX +b,cY + d) = mr(X,Y)

4. Two independent variables are uncorrelated. That is if X and Y are independent variables then

rX,Y) =0

Rank Correlation Coefficient
Charles Edward Spearman found out the method of finding the Coefficient of correlation by ranks.
This method is based on rank & is useful in dealing with qualitative characteristics such as
morality, character, intelligence and beauty. Rank correlation is applicable to only to the
individual observations.

Y D?
N(N2-1)
where :p - Rank Coefficient of correlation
D2- Sum of the squares of the differences of two ranks
N- Number of paired observations.

formula: p = 6
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Properties
1. The value ofplies between+1 and — 1.
2. Ifp = 1, then there is complete agreement in the order of the ranks & the direction of the rank

1s same.

3. Ifp = —1, then there is complete disagreement in the order of the ranks & they are in opposite
directions.

Equal or Repeated ranks

If any 2 or more items are with same value the in that case common ranks are given to repeated
items. The common rank is the average of the ranks which these items would have assumed, if
they were different from each other and the next item will get the rank next to ranks already
assumed.

> D2+%(m3—m)+1—12(m3—m)....

N3-N }

Formula:p = 1 — 6{

where m =the number of items whose ranks are common.
N-Number of paired observations.
D2- Sum of the squares of the differences of two ranks

REGRESSION

In regression we can estimate value of one variable with the value of the other variable which is
known. The statistical method which helps us to estimate the unknown value of one variable from
the known value of the related variable is called ‘Regression’. The line described in the average
relationship b/w 2 variables is known as Line of Regression.

4

. i e
* LT .
354 . oy | '.'__. ] "
- |=n'. " __:"‘.._ -
L] - L] LT ¥ L]
= L
E , - .
= L]
F 34 . . .
H
= -
= - ]
254" .
2 == — s _— —7 .y == - =
2 2.5 3 3.5 4

High School GPA

Regression Equation:

The standard form of the Regression equation is Y = a + bX where a, b are called constants. ‘a’
indicates value of Y when X = 0. It is called Y-intercept. ‘b’ indicates the value of slope of the
regression line & gives a measure of change of y for a unit change in X . it is also called as
regression coefficient of Y on X. The values of a, b are found with the help of following Normal
Equations.

Normal Equations for Regression Equation of Y onX are

Y. Y=Na+b)X

Y XY=a Y X+ b), X?

Normal Equations for Regression Equation of X on Yare

YX=Na+b)Y
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Y XY=a Y Y+ bY Y2
Regression equations when deviations taken from the arithmetic mean :

Regression equation of Y onX : Y — Y = by (X — X ) whereby, =

Regression equation of X onY : X — X =by, (Y — Y ) where by, =

Angle b/w Two Regression lines :tang = ———2

1.

2.
3.

If 0 is acute then tan0 =

If 0 is obtuse then tan0 =

1~ My
1+m1m2
UXUy 1-7"2
02X+02y( r )
O-Xo-y Tz—l
02X+02y( r )

variables(i.e, they are independent) then6 = g

LxY

x X2
Y XY

Xy?

If r= 0 then tan 6 = cothenf = g Thus if there is no relationship between the 2

4. If r = +1 then tan6 = 0 then 6 = 0 or n. Hence the 2 regression lines are parallel or
coincident. The correlation betweenZ2variables is perfect.
Problems
1. Find Karl Pearson’s coefficient of correlation from the following data.
Ht.ininches |57 |59 |62 |63 |64 |65 |55 |58 |57
Weightinlbs | 113 | 117 | 126 | 126 | 130 | 129 | 111 | 116 | 112
Sol:
Ht. in | Deviation X2 Wt. in Ibs | Deviation Y? Product of
inches from mean Y from mean deviations
X X=x-X Y=y-y of Xand Y
series (XY)
57 -3 9 113 -7 49 21
59 -1 1 117 -3 9 3
62 2 4 126 6 36 12
63 3 9 126 6 36 18
64 4 16 130 10 100 40
65 5 25 129 9 81 45
55 -5 25 111 -9 81 45
58 -2 4 116 -4 16 8
57 -3 9 112 -8 64 24
540 0 102 1080 0 an 216
Coefficient of correlation r = \/Zz;i i(; == y (10221;(’471) = 0.98
2. Calculate Coefficient of correlation for the following data.
X 12 9 8 10 11 13 7
Y 14 8 6 9 11 12 3
Sol: In both series items are in small number.
So there is no need to take deviations.
Cov(XY)
Formula used:r = ———=
OxOy
X Y X? Y? XY
12 14 144 196 168
9 8 81 64 72
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8
10
11
13
7

6

11

ZX=70

3
ZY=63

64 36 48

100 81 90

121 121 121

169 144 156

49 9 21
ZX2=728 ZY2=651 ZXY=676

Here N = 7.

LXY - XXXY)/N

X - CINEYE - BEDE/N

4732 — 4410

322

322

r =
V5096 — 4900+/4557 — 3969

+0.95

~ J(196)(588) 33948

3. A sample of 12 fathers and their elder sons gave the following data about their elder
sons. Calculate the rank correlation coefficient.
Fathers |65 |63 |67 |64 |68 [62 |70 [ 66 | 68 | 67 |69 | 71
Sons 68 66 68 |65 69 66 68 65|71 |67 |68 |70
Sol:
Fathers(x) Sons(y) Rank(x) Rank(y) di =% —y; d?
65 68 9 5.5 3.5 12.25
63 66 11 9.5 1.5 2.25
67 68 6.5 5.5 1.0 1
64 65 10 11.5 -1.5 2.25
68 69 4.5 3 1.5 2.25
62 66 12 9.5 2.5 6.25
70 68 2 ST =3.5 12.25
66 65 8 11.5 3.5 12.25
68 71 4.5 1 =3.5 12.25
67 67 6.5 8 -1.5 2.25
69 68 3 5.5 -2.5 6.25
71 70 1 2 -1 1

Repeated values are given common rank, which is the mean of the ranks .In X: 68 & 67 appear

twice.

In'Y :68 appears 4 times , 66 appears twice &65 appears twice. Here N = 12.

p=1-

6(72.5 + 7)

1 1
) LD*+—(m®-m)+_—(m®—m)
N3 —N

20722
12(122 — 1)

4. Givenn = 10, 0,=5.4,0, = 6.2 and sum of product of deviation from the mean of X&Y
is 66. Find the correlation coefficient.

Sol:n = 10,04 = 5.4,0, = 6.2

, Nx-%)?

X n

, X(y—y?

A
> x-0) -7 = 66

- RG-P 66
VEG-R2Z@-9?  (5:)(62)

= 0.1971
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5. The heights of mothers & daughters are given in the following table. From the 2 tables of
regression estimate the expected average height of daughter when the height of the mother
is 64.5 inches.

Ht. of Mother(inches) 62 |63 |64 [64 |65 |66 |68 |70
Ht. of the daughter(inches) 64 |65 |61 69 [67 |68 |71 |65
Sol: Let X = heights of the mother and Y = heights of the daughter
Letdx = X — 65,dy = Y- 67,Yx=>522,Ydx =2, dx? =50,y = 530,

Zdy— —62 dy? = 74,2 dxdy = 20
522

= 2X = = 66.25
B ZN B 58 e
_ 30
Y = W= ?= 6525
byy = N = 8 _—0434
yx 2 2
(X dx) i
Y dx2 _TX 50 5

Regression equation of Yon :Y — Y = by, (X —X)
Y = 3793 + 0.434X
when X = 64.5 thenY = 69.923
6. The equations of two regression lines are 7x — 16y +9 = Oand 5y —4x—3 = 0.
Find the coefficient of correlation and the means of x& y .
Sol: Given equations are 7x — 16y +9 = 0O.................... (1)
5y —4x—3 = 0..cveviiniininnnnn. (2)
(1) X 4 gives 28x— 64y + 36 =0
(2) x 7 gives -28x + 35y — 21 =0
On adding we get —29y + 15 =0
y = 0.5172
from(1) 7x = 16y — 9 which gives x = 0.1034
since regression line passes through (X, y) we have X = 0.1034

y =0.5172
16 9

From(1) X = Zy —3;
From(2)y = s X + >

c 16 (o] 4
r—=l=andr=> = =

Oy 7 oy 5
Multiplying these 2equations , we get 1?2 = ?15 = %

8

r= \/T_S

7.1f oy = oy = cand the angle between the regression lines is Tan'l(g). Find r.

Sol: tanf = Toror
+(5
__ o2 1—r2)
202 r

By data, © = Tan™(3).
1—-r®> 4

2r 3
3—-3r—8r=0
G@Br-1D(+3) =0
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r=—or —3
3
Since we cannot haver = —3

Thusr = 1
3

8. Given the following information regarding a distribution N =5, X = 10,Y = 20,
Y(X—-Y)%2=100,%(Y — 10)2 = 160. Find the regression coefficients and hence coefficient
of correlation.
Sol: Here dx =X —4,dy = Y- 10
R=n+ 2 ooy 2
N 5

_ d d
Y=B+¥:>20=10+¥:>Zdy=50(hereB=10)

= Z dx = 30(here A = 4)

_ N _
v S a7 —0 = 2.75
3 dx 3 dy
. :ded N :—zzo:O65
Xy Z d 2 _ (X dy)? —340 '
N

Coefficient of correlationr = + [by, X by, = \/(0.65)(2.75) = V1.7875 = 1.337

9. Given that X = 4Y + 5 and Y = 4X + 4 are the lines of regression of X on Y and Y on
Xrespectively. Show that 0 < 4k < 1. If k= 11—6ﬁnd the means of the two variables and

coefficient of correlation between them.
Solution: Given lines are X=4Y +5 ....... (1)

From (1) & (2), r & = 4andr2 = K
Oy Ox

Multiplying these two equations we get r? = 4K
Since0 < r?<1,wehave0 < 4KS§

IfK = %thenwehaveX= 4Y + 5 and

Y= X/16 +4
WegetX—4Y—-5=0
—X
—4Y—-16 =0
4 X
Adding we get3z —21 =0
X =28

From(2), we getY = 24—3
The regression lines pass through ( X,y)
We get means X = 28andy = %
Wehave r2 =4k=—~=2or = il
16 4 2
We consider positive value and take r = %
10.The difference between the ranks are 0.5,—-6,—4.5,—-3,—-5,—1,3,0,5,5.5,0,—0.5. For

2_
refracted ranks xandy.zm(;n2 1)=3.5, r = 0.44. Find the number of terms.

Solution: Given difference (d;) 0.5,—-6,—4.5,—-3,-5,—-1,3,0,5,5.5,0, —0.5

Zdiz =156
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Zdiz+zm(inz2_1)

Herer = 1-— 6{W
_1-(1595)6 957
~ (N2-N) . 7 N2-N
=044 =122

N2-N
= N? — N = 1708.92
=>N=42

Multiple Correlation:

In Multiple Correlation, the relationship between three or more variables is studied.

A dependent variable is indicated by X; and independent variables by X,, X5, X,, X5, ...

The Coefficient of Multiple Correlation id denoted by R and necessary subscripts are added to it.
Suppose there are three variables for X, X, and X3. Let X;be the dependent variable depending
on the independent variables X, and X3. Then multiple correlation is defined as follows:

R, ,3 = Multiple correlation coefficient with X;as the dependent variable and X,, X; as
independent variables.

R, 13 = Multiple correlation coefficient with X,as the dependent variable and X;,X; as
independent variables.

R34, = Multiple correlation coefficient with Xzas the dependent variable and X;,X, as
independent variables.

Calculation of Multiple Correlation Coefficient:

The multiple correlation coefficients can be calculated using the following formulae,

2 2
R _ny T3 2115113723
123 =

— 2
1-r5

2 2
R |yt 2111313
213 — >

R \ 1+ 1 — 21373l
312 = 1-12
Note:
1. Multiple Correlation Coefficient is non-negative. Its value lies between 0 & 1. It cannot
assume a negative value.
2. Rip3=0=r,=0andr;3=0
3. Ryp3 2Ti,T13,723 and Ry 33 2 113
4. The position of the subscript to the right of dot does not make a difference i.e.R; 53 = Ry 32
and so on.
5. If Ry 53 = 0 then all the Multiple Correlations involving X; are zero.

Problems
1. A single correlation coefficient between yield (x1) and temperature (x;) and rainfall (x3)
are given by 1y, = 0.6,7y3 = 0.5,7,3 = 0.8. Find the Multiple Correlation Coefficient

R123.
Sol: We know that, Ry 53 = \/

2 2
le +T13 —2T12T13T23

1-12,

R = (0.6)* + (0.5)%> —2(0.6)(0.5)(0.8)
123 1 — (0.8)2
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_ [036+025-048  [0.13 06
B 1—0.64 036

2. Ifr12 = 0. 5, ry3 = 0.45 and r31 = 0.3 find R3_12

Sol: Substituting these values in the formula

2 2
r31 T3y — 2131730
R3q, =
' 1—1?
12

_[(0.3)2 + (0.45)2 — 2(0.3)(0.45)(0.5)
Rs12 = 1—(0.5)2

1025 = |75 = 0.57 = 0.755

3. Given the following data, compute Multiple Coefficient of Correlation of X3 on X; and
X,.

_ \/0.09 +0.2025 —2(0.0675) \/0.4275
312 =

X, 3 5 6 8 12 14
X, 16 10 7 4 3 2
X, 90 72 54 42 30 12

Sol: Here n=6, X; = %:8,)(—2: %:7,)@: %:50

X=X -X X, =X, — X, X3 = X3 — X3
SNo. | Xy | x | x2 | X | x3 | 22 | X5 | x3 | x2 | %1%, | X%35 | X3%¢
1 3 -5 25 16 9 81 90 40 1600 | -45 | 360 | -200
2 5 -3 9 10 3 9 72 22 484 | -9 66 -66
3 6 -2 4 7 0 0 54 4 16 0 0 -8
4 8 0 0 4 -3 9 42 -8 64 0 24 0
5 12 4 16 3 -4 16 30 -20 1400 |-16 |80 -80
6 14 6 36 2 -5 25 12 -38 1444 | -30 | 190 | -228
48 0 90 42 0 140 1300 |0 4008 | -100 | -582 | 720
S Y x1x, _ 100 089
VExZ¥xZ V90 x 140
iy = Y X X3 _ 582 097
JEx2Y x2 V90 x 4008
- D XX3 720 0.96

- JSxZya? V140 x 4008
o \/r321 + 12— 2ryTaTiy j(—0.97)2 +(0.96) — 2(—0.97)(0.96)(—0.89)
312 = > =

1—(—-0.89)2

R34, = 0.987
Multiple Regression Analysis:
In multiple regression analysis, the effect of two or more independent variables on one dependent
variable is studied.
Regression Equations:
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The procedure for studying multiple regression is similar to the one for simple regression, with
the difference that the other variables are added in the regression equation. If there are three
variables X;, X, and X5 the multiple regression has the following form:
X1 =ajg3t+ b12.3X2 + b13.2X3 ................. (1)
In the above equation,a »3 is the intercept made by the regression plane. It gives thevalue of the
dependent variable when all the independent variables are zero. b, 3 indicates the slope of the
regression line of X; on X,whenXj; is held constant. Similarly, b;3, indicates the slope of the
regression line of X; on X; when X, is held constant.
Normal Equations for Multiple Regression Equations:
(1) The regression plane of X; on X, and X5 is
X1 =0a123 +b123X + b13,X3 cevvinninnn. (1)

In the above equation, the values of b;, 3 and b, , are determined by solving simultaneously the
following three normal equations.

ZX1 = Na, 33+ b123 Z Xy + bi3z sz

D KXo = a3 ) Xyt bos ) X3 +bisy ) Kok
ZX1X3 = Qaq23 Z X3+ biz3 ZX2X3 + b132 szg

(ii) The regression plane of X, on X; and X5 is
Xz =daz13 + b21_3X1 + b23.1X3 ............ (2)

The normal equations for fitting the above equation are:

ZXZ = Nay 3+ by 3 ZX1 + ba3.1 Z X3
ZX1X2 = az13 ZX1 + by 3 ZX12 + ba3.1 ZX1X3
ZX2X3 = azi3 ZX3 + by13 ZX1X3 + b23.1z Xe%

(ii1))  The regression plane of X5 on X; and X, is
X3 = daz12 + b31_2X1 + b32.1X2 ............ (3)

The normal equations for fitting the above equation are:

ZX3 = Nag 1, + b31.22X1 + b3z1 ZXZ
ZX1X3 = az12 ZX1 + b31, ZX12 + b331 ZX1X2
szxs = az12 ZXZ + b3y, Z X1X3 + b3z 1 Z X3

Problems:
Q. Find the multiple linear regression equation of X; on X, and X3 from the data given
below:

X, [2[4]6]8
X, |3]5]7]9
Xs|4]6[8]10

Sol: The regression plane of X; on X, and X5 is
Xl = aq123 + b12_3X2 + b13_2X3 ............ (A)
where the values of the three constants are obtained by solving the following three
normal equations.
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Z X1 =Nay 3+ bi23 Z Xy + b3 Z X3
D KXo = a3 ) Xyt bos ) X3 +bisy ) Kok
D XKy = a5 ) Xa+bias ) XpXs+bisz ) X3

SNo. | X, | X, | Xz | XX | XX | XaX, | X2 [ X2 | X2
1 2 3 4 6 12 8 4 9 16
2 4 5 6 20 30 24 16 |25 36
3 6 7 8 42 56 48 36 |49 |64
4 8 9 10 |72 90 80 64 81 100
Y= [20 |24 [28 [140 [188 |160 120 |164 |216

Substituting the values in the normal equations, we get

604,53 + 24b1,3 +28b13, =20 Ll (1)

24a4,3 + 164by,3 +188by3, =140  ............. (i1)

28aq,3 +188by,3 + 216b13, =160 ... (iii)

Multiplying equation (i) by 4 and subtracting it from the equation (ii), we get:
68b,,3 + 76b3, =60 Ll (iv)

Multiplying equation (ii) by 7 and equation (iii) by 6, we get:

168a, 53 + 1148b,,3 + 1316b43, =980 ............. (v)

168a, 53 + 1128b1, 3 + 1296b43, = 960 .............. (vi)

Subtracting (vi) from (v), we obtain:

20bqy3 +20by3, =20 Ll (vii)

Multiplying equation (iv) by 5 and equation (vii) by 7 we get:

340by,3 + 380b43, =300 (viii)

340by,3 + 340b43, =340 (ix)

Subtracting (ix) from (viii), we have 40b,5, = —40=b3, = -1 ....... (x)

Substituting the value of b,5 , in equation (vii), we have

20b1,3 =20 =20=b13 =2 ... (x1)

Substituting the values of b;, 3 and b3, in equation (i), we get

6a,,3 +48 — 28 = 20=a,,3 =0

Substituting the values of a; ,3 = 0, by, 3 = 2 and b;3, = —1 in equation (A)

The required regression equation of X; on X, and X5 is X; = 0 + 2X, — X3=X; = 2X, — X;5.
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1. The heights of mothers & daughters are given in the following table. From the 2 tables of
regression estimate the expected average height of daughter when the height of the mother
is 64.5 inches.

Ht. of Mother(inches)

62

63

64

64

65 | 66 | 68

70

2.

Ht. of the daughter(inches)

64

65

61

69

67 | 68|71

65

two regression lines are 7x — 16y +9 = Oand S5y —4x—3 = 0.
Find the coefficient of correlation and the means of x& y .

3. The marks obtained by 10 students in mathematics and statistics are given below. Find the

The equations

coefficient of correlation between the two subjects and the two lines of regression

Marks in 25128 |30 |32 35 |36 38 |42 |45 39
mathematics
Marks in 20 126 [29 |30 25 |18 26 |35 |46 |35
Statistics

4. Fit a straight line Y=ay+a, X for the following data and estimate the value of Y when

X=25
X 0 5 10 15 20
Y 7 11 16 20 26

5. Find the rank correlation for the following indices of supply and price of an article:

PRICE

80

100

102

91

100

111

109 | 100

99 | 104

111

102

98

111

INDEX

124

100

105

112

102

93

99

115

123 | 104

99

113

121

103
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ASSIGNMENT QUESTIONS
1.Fit a curve of the form Y= a +bX by the method of least squares for the following data:
X 1 2 3 4 5
Y 5 2 4.5 8 12.5

\
2.The marks obtained by 10 students in two subjects are given below. Find the correlation
coefficient and lines of regression

Subject |48 |75 |30 60 80 53 35 15 40 38
1

Subject2 |44 |85 |45 54 91 58 63 35 43 45

3. The following table are the marks obtained by 12 students in economics and statistics:
Economics(X) | 78 |56 |36 66 25 62 |75 |82

62Statistics(Y) | 84 |44 |51 58 60 58 |68 |62

Obtain the regression lines.
4.Find the karlpearson’s coefficient of correlation for the paired data:
wages | 100 101 102 100 99 97 98 96 95 102

Cost | 98 99 99 95 92 95 94 90 91 97
of
living

5. The equations of two regression lines are 7x — 16y +9 = 0 and 5y —4x—3 = 0.
Find the coefficient of correlation and the means of x& y .
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UNIT 4
SAMPLING
AND
TESTING OF HYPOTHESIS FOR LARGE SAMPLES

-
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OBJECTIVE

Know about the sampling distribution of a given statistic of a random sample and draw inference
about population from large samples

OUTCOME

Understand the importance of sampling distribution of a given statistic of a random sample and
draw inference about population from large samples
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SAMPLING
Introduction:
The totality of observations with which we are concerned, whether this number be finite or
infinite constitute population. In this chapter we focus on sampling from distributions or
populations and such important quantities as the sample mean and sample variance.

Definition: Population is defined as the aggregate or totality of statistical data forming a subject
of investigation.
Example: The population of the heights of Indian.
The number of observations in the population is defined to be the size of the population. It
may be finite or infinite. Size of the population is denoted by N. As the study of entire
population may not be possible to carry out and hence a part of the population alone is
selected.
Definition: A portion of the population which is examined with a view to determining the
population characteristics is called a sample. In other words, sample is a subset of population.
Size of the sample is denoted by n.
The process of selection of a sample is called Sampling. There are different methods of sampling
» Probability Sampling Methods
» Non-Probability Sampling Methods

Probability Sampling Methods:
a) Random Sampling (Probability Sampling):
It is the process of drawing a sample from a population in such a way that each member
of the population has an equal chance of being included in the sample.
Example: A hand of cards from a well shuffled pack of cards is a random sample.
Note: If N is the size of the population and n is the size of the sample, then
» The no. of samples with replacement = N"
» The no. of samples without replacement = N

b) Stratified Sampling :
In this , the population is first divided into several smaller groups called strata according
to some relevant characteristics . From each strata samples are selected at random, all the
samples are combined together to form the stratified sampling.

¢) Systematic Sampling (Quasi Random Sampling):
In this method , all the units of the population are arranged in some order . If the population

size is N, and the sample size is n, then we first define sample interval denoted by = % .

then from first k items ,one unit is selected at random. Then from first unit every k™ unit
is serially selected combining all the selected units constitute a systematic sampling.

Non Probability Sampling Methods:

a) Purposive (Judgment ) Sampling :
In this method, the members constituting the sample are chosen not according to some
definite scientific procedure , but according to convenience and personal choice of the
individual who selects the sample . It is the choice of the individual items of a sample
entirely depends on the individual judgment of the investigator.

b) Sequential Sampling:
It consists of a sequence of sample drawn one after another from the population.
Depending on the results of previous samples if the result of the first sample is not
acceptable then second sample is drawn and the process continues to take proper decision
. But if the first sample is acceptable ,then no new sample is drawn.
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Classification of Samples:
» Large Samples : If the size of the sample n > 30, then it is said to be large sample.
» Small Samples : If the size of the sample n < 30 ,then it is said to be small sample or
exact sample.

Parameters and Statistics:

Parameter is a statistical measure based on all the units of a population. Statistic is a statistical
measure based on only the units selected in a sample.

Note: In this unit, Parameter refers to the population and Statistic refers to sample.

Central Limit Theorem:
If X be the mean of a random sample of size n drawn from population having mean y and standard
deviation o , then the sampling distribution of the sample mean X is approximately a normal

distribution with mean g and SD =S.E of ¥ = = provided the sample size n is large.

Vn
Standard Error of a Statistic: The standard error of statistic ‘t’ is the standard deviation of
the sampling distribution of the statistic i.e, S.E of sample mean is the standard deviation of

the sampling distribution of sample mean.
Formulae for S.E:

-_ 0 . —~_ 0
» S.E of Sample mean X = N S.E (x) =

» S.E of sample proportion p= \/% 1e, S.E(p) = \/% where Q=1-P

» S.E of the difference of two sample means x; and X, i.e, S.E (X] — x5 )= %Z + %Z
1 2
. . . _ [P1Q1 | P2Q2
» S.E of the difference of two proportions i.e, S.E(p; — p;) = m -
2

Estimation :To use the statistic obtained by the samples as an estimate to predict the unknown
parameter of the population from which the sample is drawn.
Estimate : An estimate is a statement made to find an unknown population parameter.
Estimator : The procedure or rule to determine an unknown population parameter is called
estimator.
Example: Sample proportion is an estimate of population proportion , because with the help of
sample proportion value we can estimate the population proportion value.
Types of Estimation:
> Point Estimation: If the estimate of the population parameter is given by a single value ,
then the estimate is called a point estimation of the parameter.
»> Interval Estimation: If the estimate of the population parameter is given by two different
values between which the parameter may be considered to lie, then the estimate is called
an interval estimation of the parameter.

Confidence interval Estimation of parameters:
In an interval estimation of the population parameter 8, if we can find two quantities t;and t,
based on sample observations drawn from the population such that the unknown parameter 6
is included in the interval [t, t,] in a specified cases ,then this is called a confidence interval
for the parameter 6.
Confidence Limits for Population mean u
» 95% confidence limits are X + 1.96 (S.E.of X)
> 99% confidence limits are X + 2.58 (S.E.of X)
» 99.73% confidence limits are X + 3 (S.E.of X )
» 90% confidence limits are X + 1.645 (S.E.of X))
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Confidence limits for population proportion P
» 95% confidence limits are p = 1.96(S.E.of p)
» 99% confidence limits are p + 2.58(S.E. of p)
> 99.73% confidence limits are p £ 3(S.E.of p)
» 90% confidence limits are p + 1.645(S.E.of p)

Confidence limits for the difference of two population means p; and pu,
» 95% confidence limits are ((X7 — X, )£ 1.96 (S.E of (X1 — X3 ))
> 99% confidence limits are ((X7 — X, )£ 2.58 (S.E of (X1 — X3 ))
» 99.73% confidence limits are ((X; — X, )+ 3 (S.E of (X7 — X3))
» 90% confidence limits are ((xX; — X, )£ 2.58 (S.E of (X7 — X))

Confidence limits for the difference of two population proportions
» 95% confidence limits are p;-p, + 1.96 ( S.E. of p1-p,)
» 99% confidence limits are p;-p, * 2.58 ( S.E. of p;-p,)
» 99.73% confidence limits are p;-p, + 3 ( S.E. of p1-p,)
» 90% confidence limits are p;-p, + 1.645 ( S.E. of p1-p2)

Determination of proper sample size
Sample size for estimating population mean :
2
n= (%) where z,— Critical value of z at a Level of significance
o — Standard deviation of population and
E — Maximum sampling Error = X — u

Sample size for estimating population proportion :

2

= Z“Ef ¢ wherez, — Critical value of z at @ Level of significance
P — Population proportion
Q—-1-P

E — Maximum Sampling error = p-P

Testing of Hypothesis :It is an assumption or supposition and the decision making procedure
about the assumption whether to accept or reject is called hypothesis testing .

Statistical Hypothesis: To arrive at decision about the population on the basis of sample
information we make assumptions about the population parameters involved such assumption

is called a statistical hypothesis .

PROCEDURE FOR TESTING A HYPOTHESIS:
Test of Hypothesis involves the following steps:
Step1: Statement of hypothesis :
There are two types of hypothesis :
» Null hypothesis: A definite statement about the population parameter. Usually a null
hypothesis is written as no difference , denoted by H,,.
Ex. Hy: u = py
> Alternative hypothesis: A statement which contradicts the null hypothesis is called
alternative hypothesis. Usually an alternative hypothesis is written as some difference ,
denoted by H;.
Setting of alternative hypothesis is very important to decide whether it is two-tailed or one
— tailed alternative , which depends upon the question it is dealing.
Ex.Hy:p # po (Two — Tailed test)
or
Hi:pu > po (Right one tailed test)

DEPARTMENT OF HUMANITIES & SCIENCES FOMRCET (EAMCET CODE: MLERD)




PROBABILITY AND STATISTICS

or
Hi:pu < o (Left one tailed test)

Step 2: Specification of level of significance :
The LOS denoted by « is the confidence with which we reject or accept the null hypothesis.
It is generally specified before a test procedure ,which can be either 5% (0.05) , 1% or 10%
which means that thee are about 5 chances in 100 that we would reject the null hypothesis
H, and the remaining 95% confident that we would accept the null hypothesis H, .
Similarly , it is applicable for different level of significance.

Step 3 : Identification of the test Statistic :
There are several tests of significance like z,t, F etc .Depending upon the nature of the
information given in the problem we have to select the right test and construct the test
criterion and appropriate probability distribution.

Step 4: Critical Region:
It is the distribution of the statistic.
» Two —Tailed Test : The critical region under the curve is equally distributed on both
sides of the mean.
If H; has #sign , the critical region is divided equally on both sides of the distribution.

» One Tailed Test: The critical region under the curve is distributed on one side of the
mean.

Left one tailed test: If H; has <sign , the critical region is taken in the left side of the
distribution.

critical
region

>

critical value

non-critical region

Right one tailed test : If H, has > sign, the critical region is taken on right side of the distribution.
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Fail to Reject
the Null
Hypothesis

|
Critical

Value

)

Step 5 : Making decision:

By comparing the computed value and the critical value decision is taken for accepting or rejecting
Hy

If calculated value < critical value , we accept Hy,

otherwise reject H,.

Errors of Sampling :
While drawing conclusions for population parameters on the basis of the sample results , we have
two types of errors.
» Typelerror: Reject Hy when it is true i.e, if the null hypothesis H, is true but it is rejected
by test procedure .
» Type II error : Accept Hy when it is false i.e, if the null hypothesis Hyis false but it is
accepted by test procedure.

DECISION TABLE

H, is accepted H, is rejected
Hy is true Correct Decision Type I Error
H, is false Type II Error Correct Decision

Problems:
1.If the population is 3,6,9,15,27
a) List all possible samples of size 3 that can be taken without replacement from
finite population
b) Calculate the mean of each of the sampling distribution of means
¢) Find the standard deviation of sampling distribution of means
Sol: Mean of the population ,u = % = %
Standard deviation of the population ,

5= \/(3 —12)24+(6—-12)24+(9—-12)2 4+ (15—-12)2 4+ (27 — 12)?

=12

5

_ ’81+36+:+9+225 _ ’3_20 — 84853

a) Sampling without replacement :
The total number of samples without replacement is N¢, = 5,,=10
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The 10 samples are (3,6,9), (3,6,15), (3,9,15), (3,6,27), (3,9,27), (3,15,27), (6,9,15),
(6,9,27), (6,15,27), (9,15,27)

b) Mean of the sampling distribution of means is
_ 6+8+9+10+12+13+14+15+16+17 _ 120

Kz 10 _10:12

c)

o2 = (6—12)2+(8-12)%+(9—-1 )?+(10-12)2+(12-1 )?+(13— )?+(14— )2+(15-1 )?+(16— )2+(17-12)?
10

=133
s 07 =V13.3=3.651
2.A population consist of five numbers 2,3,6,8 and 11. Consider all possible samples of size
two which can be drawn with replacement from this population .Find
a) The mean of the population
b) The standard deviation of the population
¢) The mean of the sampling distribution of means and
d) The standard deviation of the sampling distribution of means

Sol:a) Mean of the Population is given by
_ 243+6+8+1 _ 30 _

U=———=—=56
b) Variance of the population is given by

(x;—%)?

n

o’=Y
_ (2-6)24(3-6)2+(6—6)%2+(8—6)2+(11-6)?
5
=10.8 ~ o =3.29

c) Sampling with replacement

The total no.of samples with replacement is N = 5% = 25

=~ List of all possible samples with replacement are
(2,2),(2,3),(2,6),(2,8),(2,11),(3,2),(3,3)(3,6),(3,8),(3,11)
(6,2),(6,3),(6,6),(6,8),(6,11),(8,2),(8,3),(8,6),(8,8),(8,11)

(11,2),(11,3),(11,6),(11,8),(11,11)

Now compute the arithmetic mean for each of these 25 samples which gives rise to the

distribution of means of the samples known as sampling distribution of means

The samples means are

_ 16+9+0+4+

2,2.5,4,5,6.5

25,3,45,55,7
4,4.5,6,7,8.5
5,5.5,7,8,9.5

6.5,7,8.5,9.5,11

And the mean of sampling distribution of means is the mean of these 25 means
__sum of all above sample means _ 150

Kz = 25 25:6

d) The variance of the sampling distribution of means is obtained by subtracting the mean 6
from each number in sampling distribution of means and squaring the result ,adding all 25

numbers thus obtained and dividing by 25.
o2 = (2-6)24(2.5-6)24(4—6)2+(5-6)2++-.....(11-6)2 _ 135 _

25 25
~o= V54 =232

3. When a sample is taken from an infinite population , what happens to the standard error
of the mean if the sample size is decreased from 800 to 200
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Sol: The standard error of mean = —

Vn

Sample size =n .let n=n,=800

=9 __9
Then S.E; = TR
When n;is reduced to 200
let n=n,=200

=9 __9
Then S.E, = 5 100

g g
SEy===2(32=) =2 (S.Ey)

Hence if sample size is reduced from 800to 200, S. E. of mean will be multiplied by 2
4.The variance of a population is 2 . The size of the sample collected from the population is
169. What is the standard error of mean
Sol: n= The size of the sample =169

o = S.D of population = v/Variance =+/2

5.The mean height of students in a college is 155cms and standard deviation is 15 . What is
the probability that the mean height of 36 students is less than 157 cms.
Sol: i = Mean of the population
= Mean height of students of a college = 155cms
n= S.D of population = 15cms

X = mean of sample = 157 cms
X-p _ 157-155 12

Now z = —— = —3 _EZO'S
vn V36

~P(x<157)=P(z<08)=05+P(0<2z<0.8)

=0.5+0.2881 = 0.7881
Thus the probability that the mean height of 36 students is less than 157 = 0.7881
6.A random sample of size 100 is taken from a population with o =5.1 . Given that the
sample mean is X = 21.6 Construct a 95% confidence limits for the population mean .
Sol: Given X =21.6

Za), = 1.96,n=100,0 =5.1

=~ Confidence interval = ( X — za /yr \% , X+ zay,. \% )
L96X51 _ 5 o

1.96x5.1 —226
10

Hence (20.6,22.6) is the confidence interval for the population mean p

_ o _
X _Za/z'\/_ﬁ_ 21.6 —

X+ Za/z.%= 21.6 +

7.1t is desired to estimate the mean time of continuous use until an answering machine will
first require service . If it can be assumed that o = 60 days, how large a sample is needed
so that one will be able to assert with 90% confidence that the sample mean is off by at
most 10 days.

Sol: We have maximum error (E) = 10 days , ¢ = 60 days and za /= 1.645

o= [Zaéz.a]zz [1,64150x 60]2 —97

8.A random sample of size 64 is taken from a normal population with 4 = 51.4 and 6 =
6.8.What is the probability that the mean of the sample will a) exceed 52.9 b) fall
between 50.5 and 52.3 c¢) be less than 50.6

Sol: Given n = the size of the sample = 64

u = the mean of the population = 51.4

o = the S.D of the population = 6.8
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a) P(x exceed 52.9)=P(x > 52.9)

X — 52.9-51.4
7= =2 =176
W Ve

“P(% >52.9)=P(z > 1.76)
= 0.5-P(0<z<1.76)
0.5 — 0.4608 = 0.0392

b) P( x fall between 50.5 and 52.3)

i.e, P(50.5 <x<523)=P(x; <% <)
2= xld—u _ 50.5-51.4 - —1.06
N 0.85

X,—i 52.3-51.4
Z2= \/% 085
P(50.5 <&< 52.3) = P(-1.06 < z< 1.06)
= P(-1.06 < z< 0) + P(0 < z< 1.06)
= P(0 < 2<1.06) + P(0 < z< 1.06)

=2(0.3554)=0.7108

= 1.06

c) P(x will be less than 50.6) = P(x < 50.6)

X — 50.6—51.4
2= = =-0.94
Vo Ve

~P(2<-0.94) = 0.5 - P(0.94 < z<0)
=0.5-P(0 < z< 0.94) = 0.50-0.3264
=0.1736

9.The mean of certain normal population is equal to the standard error of the mean of the
samples of 64 from that distribution . Find the probability that the mean of the sample size
36 will be negative.

Sol: The Standard error of mean = —
Vn

Sample size , n =64
Given mean ,u = Standard error of the mean of the samples

_ g _O'

M V64 8
. _c
We know z = 2ot = =8
vn 6

6% 3

g 4
If Z <0.75,% is negative
P(z<0.75)=P(— o0 < z < 0.75)

=[°. 0()dz + [ 0(2)dz = 0.50 +0.2734
= 0.7734

10.The guaranteed average life of a certain type of electric bulbs is 1500hrs with a S.D of 10
hrs. It is decided to sample the output so as to ensure that 95% of bulbs do not fall short
of the guaranteed average by more than 2% . What will be the minimum sample size ?
Sol : Let n be the size of the sample
The guaranteed mean is 1500
We do not want the mean of the sample to be less than 2% of (1500 )i.e, 30 hrs
So 1500 —30 = 1470
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~ X > 1470
o z] = f—iﬂ _ 14701;01500 _ \i_ﬁ
vn g
From the given condition, the area of the probability normal curve to the left of %
should be 0.95

~ The area between 0 and %ﬁ 1s 0.45

We do not want to know about the bulbs which have life above the guranteed life .
2 Y 165 e,V =66
~n=44
11.A normal population has a mean of 0.1 and standard deviation of 2.1 . Find the
probability that mean of a sample of size 900 will be negative .
Sol : Given u = 0.1 ,0 = 2.1 and n =900

The Standard normal variate
7 = X—u _ X— U :9?—0.1
% % 0.07
~x =0.1 + 0.007z wherez ~N(0,1)
=~ The required probability , that the sample mean is negative is given by
P(x <0)=P(0.1+0.07z<0)
=P (0.07z<-0.1)
=P ( Z<(ﬁ)

0.07
=P (z<-1.43)
=0.50-P(0< z <1.43)
=0.50 — 0.4236 = 0.0764

12.In a study of an automobile insurance a random sample of 80 body repair costs had a
mean of Rs 472.36 and the S.D of Rs 62.35. If X is used as a point estimator to the true
average repair costs , with what confidence we can assert that the maximum error doesn’t
exceed Rs 10.
Sol : Size of a random sample , n = 80

The mean of random sample ,x = Rs 472.36

Standard deviation ,0 = Rs 62.35

Maximum error of estimate ,E ,,,;, = Rs 10

We have E 4, =Zay,. %

n

. _ EmaxNn _ 1080 _ 89.4427
1e., Za/2 = - = 235 erae 1.4345
sz/2= 1.43

The area when z = 1.43 from tables is 0.4236

;i= 0.4236 ie., a=0.8472
=~ confidence = (1- ¢ ) 100% = 84.72 %
Hence we are 84.72% confidence that the maximum error is Rs. 10
13.If we can assert with 95% that the maximum error is 0.05 and P = 0.2 find the size of the
sample.
Sol : Given P=0.2 , E =0.05

We have Q = 0.8 and Za/2= 1.96 (5% LOS)
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We know that maximum error , E = Za /, /?

= 0.05=1.96 /O'Zzo's

0.2x0.8x(1.96)2
(0.05)2

= Sample size ,n = =246
14.The mean and standard deviation of a population are 11,795 and 14,054 respectively
What can one assert with 95 % confidence about the maximum error if x = 11,795 and
n =50. And also construct 95% confidence interval for true mean .
Sol: Here mean of population ,u = 11795

S.D of population ,o = 14054

x=11795

n = sample size =50, maximum error = Za A \%

Za/zfor 95% confidence = 1.96

14054

0 J— J—
Max. error ,E = Za/z T 1.96 . o = 3899

=~ Confidence interval = ( X — Za/2 \% , X+ Za/2 .\%)
= (11795-3899, 11795+3899)
= (7896, 15694)

15.Find 95% confidence limits for the mean of a normally distributed population from which

the following sample was taken 15,17 ,10,18 ,16 ,9, 7, 11, 13 ,14.
_ 15+17410+18+16+9+7+11+13+14
Sol: We have x = =13

10
s2=y

(x;—%)?

n-—1

= %[(15 —13)2 4+ (15— 13)2 + (15— 13)2 + (15— 13)2 + (15— 13)? +
(15 — 13)% + (15 = 13)2 + (15 — 13)2 + (15 — 13)? + (15 — 13)?]
40

3
Since Za/2 =1.96 , we have
s Va0
Zay, w T 1.96 TG =2.26
~ Confidence limits are X + Za/2 \/% =13+£226=(10.74,15.26)

16.A random sample of 100 teachers in a large metropolitan area revealed mean weekly
salary of Rs. 487 with a standard deviation Rs.48. With what degree of confidence can
we assert that the average weekly of all teachers in the metropolitan area is between 472
to 502 ?

Sol: Given u =487 ,0 = 48,n = 100

7=+
g i
_ X-487 _ %—487
== =
\/:To 4.8
Standard variable corresponding to Rs. 472 is
472— 487
Zi= = 3.125
Standard vaiable corresponding to Rs. 502
Z, == 3105
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Let X be the mean salary of teacher . Then
P (472<x<502) = P(-3.125<z<3.125)
=2(0<z<3.125)
=2 f03'125 @(z)dz
=2(0.4991)=0.9982
Thus we can ascertain with 99.82 % confidence
17. Measurements of the weights of a random sample of 200 ball bearing mad by a certain
machine during one week showed a mean of 0.824 and a standard deviation of 0.042. Find
maximum error at 95% confidence interval ? Find the confidence limits for the mean
x =32
Sol. We are given X = 0.824
Za/2 =196 ,0=0.042 ,n=200
Maximum error , E = Za/z'\/i-ﬁ = %\/TO(')OQ = 0.0059
Now X -- Z“/z'\% = 0.824 — 0.0059 = 0.8181

and X + Z“/z'\% = 0.824 + 0.0059 = 0.8299

Hence the limits for the confidence are
X -- Za/z.% <u<x +Za/2.\%
~ confidence limits are 0.8181 and 0.8299
18. A population consists of 5, 10, 14, 18, 13, 24. Consider all possible samples of size two
which can be drawn without replacement from the population . Find
a) The mean of the population
b) The standard deviation of the population
¢) The mean of the sampling distribution of means
d) The standard deviation of sampling distribution of means
Sol. a) The mean of the population u is given by

>x 5+10+14+18+13+2 84
=T s .~ 1§
b) Variance of the population ¢2is given by
, N2
o2 = 2D = 2[(5-14)% + (10 — 14)% + (14 — 14)> + (18 — 14)? + (13 —
14)? + (24 — 14)?]
=22 =35.67
¢) All possible samples of size two i.e, 6¢,= 15 samples and their means are shown in the
following table
Sample | Sample | Total of | Sample
No. values | Sample | mean
values
1 5,10 15 7.5
2 5,14 19 9.5
3 5,18 23 11.5
4 5,13 18 9
5 5,24 29 14.5
6 10,14 24 12
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7 10,18 28 14
8 10,13 23 11.5
9 10,24 34 17
10 14,18 32 16
11 14,13 27 13.5
12 14,24 38 19
13 18,13 31 15.5
14 18,24 42 21
15 13,24 37 18.5
Total 210
= Mean of sample means pz = % =14
d) The variance of sampling distribution of means
o = % [(7.5-14)2+ (9.5 —-14)2 + (11.5—-14)?> + (9 — 14)? + (145 — 14)* +

(12—-14)2+ (14— 14)> + (115 - 14)> + (17 — 14)®> + (16 — 14)* + (13.5 —
14)% + (19 — 14)? + (15.5 — 14)? + (21 — 14)* + (18.5 — 14)?]

= %[42.25+20.25+6.25+25+O.25 +4+0+6254+9+4+0.25+ 25+
2.25 4+ 49 + 2.025]

=2 _ 142666
15

=~ Standard deviation of sampling distribution of means is 03V 14.2666 = 3.78

Large Samples: Let a random sample of size n>30 is defined as large sample.

Applications of Large Samples
Test of Significance of a Single Mean
Let a random sample of size n, X be the mean of the sample and u be the population mean.

1.

2.

Null hypothesis: Hy: There is no significant difference in the given population mean value
say ‘Ho-
LeHy: L = U
Alternative hypothesis: H; :There is some significant difference in the given population mean
value.
iea)H; : p# Yy (Two —tailed)
b)H; : u> o (Right one tailed)
c) H; : u> po (Left one tailed)
Level of significance: Set the LOS
Test Statistic: z.,; = ’f,,—\/‘;_‘) (OR) zqq = "/—J%"
Decision /conclusion : Ifz.,value < z,value, accept H, otherwise reject H,
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CRITICAL VALUES OF Z
LOS 1% 5% 10%
L Ho 1Z| >2.58 1Z|>1.96 |Z|>1.645
u> 1o 7>2.33 7>1.645 Z>1.28
1< Mo 7<-2.33 7<-1.645 Z<-1.28

NOTE: Confidence limits for the mean of the population corresponding to the given sample.
u=X+ Zey (S.E of X)ie,
u=X+ Zoy, (\%) (on)u=X+ Zoy, (\/%)
2. Test of Significance for Difference of Means of two Large Samples
Let x; &Xx;be the means of the samples of two ramdom sizes 7, &, drawn from two

populations having means p, &y, and SD’s 0, &0,
1) Null hyopothesis: Hy: 1, = 1,

i) Alternative hypothesis :: a) Hi : 4y # u,(Two Tailed)

b)H;: puy < p, (Left one tailed)
¢)Hi: s > py (Right one tailed)

ii1) Level of Significance: Set the LOS a

. R %1—%;)—8 R1—Rz)—08
iv) Test Statistic :Z,,; = S;Xo} (;2)4 ; (X1-%3)
1=X2 0_%4_0_%
nqg np

Where § = puy — uy( where given constant)
Other wise 6 = yu; — u,=0

_ Xy—X3—8 e 2 2 o XX
Zeal = —2 ifof =05 =0 theanal—U1 =
9.9 1t

ni nz

Critical value of Z from normal table at the LOS «

iv) Decision: If |Z ;| < Z;qp, accept Ho otherwise reject Ho
NOTE: Confidence limits for difference of means

Ui — Uy = (Xl _)?z) + Zoc/z[S-E of (Xl _Xz)]

of 02
— 4=
n

= (X1 - Xz) t Zy 2
1 M

3. Test of Significance for Single Proportions
Suppose a random sample of size n has a sample proportion p of members possessing a
certain attribute (proportion of successes). To test the hypothesis that the proportion P in
the population has a specified value Po .
i) Null hyopothesis: Hy: P = P,
ii) Alternative hypothesis : a) H; : P+ Py(Two Tailed test )
b)H; : P < P, (Left one- tailed)
c) H; : P> P, (Right one tailed)
ii1) Test statistic :Z.,; = % when P is the Population proportion Q = 1 — P

iv) At specified LOS «, critical value of Z
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v) Decision: If |z.,;| < Z;,5, accept Ho otherwise reject Ho

NOTE : Confidence limits for population proportion

P =P+ Z<(SE of P)
2
=PiZz< /ﬂ)
2 n

4. Test for Equality of Two Proportions (Populations)

Let p1 and p2 be the sample proportions in two large random samples of sizes n; &n>
drawn from two populations having proportions P &P>

1) Null hyopothesis: Hy: P, = P,

1) Alternative hypothesis :a) Hi: P; # P,(Two Tailed)
b)Hi: P; < P, (Left one tailed)

c) Hi: P; > P, (Right one tailed)

1) Test statistic :Z.,; = (BrPy) (i Fy) if (P1-P») is given.

’PlQ1 P14
=1, el
nq np

If given only sample proportions then

P1—D2 X1 X2
A = ———=— where ==& = —
cal P1q1+P2q1 P1 n, P1 n,
ny = ny
OR
_  b1—Pp2 _ Mypi+nzpy - X3 +Xp _
Lcq) = === Wherep = TP - andq=1-p
(_+_) 1tny 1+n;
nj nz

iv) At specified LOS « critical value of ‘Z’
V) Decision: If | Z,,;| < Zrqp, accept Hp otherwise reject Ho

NOTE: Confidence limits for difference of population proportions
Py—P; = (p1—p2) & Z“T(S-Eofﬂ—Pz)

Problems:

1. A sample of 64 students have a mean weight of 70 kgs . Can this be regarded as
asample mean from a population with mean weight 56 kgs and standard deviation 25
kgs.

Sol:Given X = mean of he sample = 70 kgs
u = Mean of the population = 56 kgs
o = S.D of population = 25 kgs

and n = Sample size = 64

1) Null Hypothesis Hy : A Sample of 64 students with mean weight 70 kgs be regarded
as a sample from a population with mean weight 56 kgs and standard deviation 25 kgs.
ie., Hy: u = 70 kgs

i) Alternative Hypothesis H;: Sample cannot be regarded as one coming from the
population . i.e., Hy: u # 70 kgs ( Two —tailed test )
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iii) Level of 51gn1ﬁcance :«a=0.05 (Z,=1.96)
- u 70 56

1v) Test Statistic : Z.4;= = =448
7= ﬁ
V) Conclusion: Since |Z.q;| value >Z,value , we reject H,

=~ Sample cannot be regarded as one coming from the population
2. In arandom sample of 60 workers , the average time taken by them to get to work is
33.8 minutes with a standard deviation of 6.1 minutes . Can we reject the null
hypothesis u = 32.6 in favor of alternative null hypothesis u> 32.6 at a = 0.05 LOS
Sol : Givenn=60,x =33.8,u=32.6 and 0 =6.1
1) Null Hypothesis Hy : u=32.6
i) Alternative Hypothesis H; : 1> 32.6 ( Right one tailed test )

111) Level of significance :a = 0.01 (Z,=2.33)
- 33.8-32.6 1.2

iv) Test Statistic : Z 4= % = % = oeE 1.5238
V) Conclusion: Since Z.,; value <Z,value , we accept H,

3. A sample of 400 items is taken from a population whose standard deviation is 10 .
The mean of the sample is 40 . Test whether the sample has come from a population
with mean 38 . Also calculate 95% confidence limits for the population .

Sol : Givenn=400,x =40, =38 and 0 =10
1) Null Hypothesis Hy : n =38
1) Alternative Hypothesis H; : 4 # 38 ( Two —tailed test )

i) Level of significance :a = 0.05 (Z,=1. 96)
- 38—4

iv) Test Statistic: Z,.y =—— = —5— = E =-4
Vn V400
V) Conclusion: Since |Z.4;| v_lue >Z,value , we reject H,
i.e., the sample is not from the population whose is 38.
. 050 ) > _
95% conﬁde?ce) interval is ((x) 1.96.— \/_ ,X + 1.96. \/_)
1.96(10 1.96(10
(40 ~ a0t 7w )
_ 1.96(10) 1.96(10)
B (40 20 10t = )

= (40-0.98,40+0.98 )
=(39.02 ,40.98)

4. An insurance agent has claimed that the average age of policy holders who issue
through him is less than the average for all agents which is 30.5. A random sample of
100 policy holders who had issued through him gave the following age distribution .

Age 16-20 21-25 26-30 31-35 36-40
No# of | 12 22 20 30 16
persons

Calculate the arithmetic mean and standard deviation of this distribution and use
these values to test his claim at 5% los.

Sol : Take A = 28 where A — Assumed mean

dizxi—A
f:A_’_hZfidi
—28+5“6—288
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S.D:Szh\/w— (mf:s et _ (ﬁ)2 ~6.35

N N "N 100 100
1) Null Hypothesis H, : The sample is drawn from population with mean u
i) ie., Hy: u = 30.5 years
i) Alternative Hypothesis H; : u< 30.5 ( Left one —tailed test )

1v) Level of significance :a = 0.05 (Z, =1.645)
- 28.8-3 .5

V) Test Statistic : Z,.q;= —— = —&32 =—2.677
Vn Vioo
vi) Conclusion: Since |Z.q;| value >Z,value , we reject H,

i.e., the sample is not drawn from the population with u = 30.5 years.

5. An ambulance service claims that it takes on the average less than 10 minutes to reach
its destination in emergency calls . A sample of 36 calls has a mean of 11 minutes and
the variance of 16 minutes .Test the claim at 0.05 los?

Sol : Givenn=36,x=11,u =10and 0 =V16 =4

1) Null Hypothesis Hy: u = 10

1) Alternative Hypothesis H; : u< 10 ( Left one —tailed test )

i) Level of significance :a = 0.05 (Z, =1.645)

- - £— 11-10 _ 6
1v) Test Statistic : Z.q;= xi” = == 1.5

Vi V36
V) Conclusion: Since |Z.4;| value <Z,value , we accept H,

6. The means of two large samples of sizes 1000 and 2000 members are 67.5 inches and
68 inches respectively . Can the samples be regarded as drawn from the same
population of S.D 2.5 inches.

Sol: Let y; and u, be the means of the two populations
Given ny = 1000 ,n, = 2000 and x; = 67.5 inches , X, = 68 inches
Population S.D, o = 2.5 inches
1) Null Hypothesis Hy :The samples have been drawn from the same population of S.D
2.5 inches
ie., Hy: g = Uy
i) Alternative Hypothesis Hy :py # p,( Two — Tailed test)
1) Level of significance :a = 0.05 (Z,=1.96)

. . XX 67.5—-68 -0.5
iv)  Test Statistic : Z,q= ——= = = =-5.16
gl1 1 1 1 0.0968
nitng \/(2_5)2(1000*'2000)
V) Conclusion: Since |Z.;| value >Z,value , we reject H,
Hence , we conclude that the samples are not drawn from the same population of S.D

2.5 inches.

7. Samples of students were drawn from two universities and from their weights in
kilograms , mean and standard deviations are calculated and shown below. Make a
large sample test to test the significance of the difference between the means.

Mean S.D Size of the sample
University A 55 10 400
University B 57 15 100

Sol: Let u; and u, be the means of the two populations
Given ny =400 ,n, = 100 and x; = 55 kgs , X, = 57 kgs
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01 =10 ando, =15
1) Null Hypothesis Hy : uy =i,
1) Alternative Hypothesis H; :pq # pu,( Two — Tailed test)
1) Level of significance :a = 0.05 (Z,=1.96)

. .. %- % 55— 57 -2
iv)  Test Statistic : Z.y= ——2= = = =-1.26
sz 032 J102 152 1,9
ni  ny 400 ' 100 4 4
V) Conclusion: Since |Z.q;| value <Z,value , we accept H,

Hence , we conclude that there is no significant difference between the means

8. The average marks scored by 32 boys is 72 with a S.D of 8 . While that for 36 girls is
70 with a S.D of 6. Does this data indicate that the boys perform better than girls at
5% los ?

Sol: Let p; and p, be the means of the two populations
Givenny; =32 n,=36and x; = 72,x, =70
0;=8 andg, =6

1) Null Hypothesis Hy : pq =u,

1) Alternative Hypothesis H; :pu;>u,( Right One Tailed test)

1) Level of significance :a = 0.05 (Z, =1.645)

. L, K= %  _72-70 2

iv) Test Statistic : Z; Ju12 = JBZ = = 1.1547
nig  ng 32 36

V) Conclusion: Since |Z.4;| value <Z,value , we accept H,

Hence , we conclude that the performance of boys and girls is the same

9. A sample of the height of 6400 Englishmen has a mean of 67.85 inches and a S.D of
2.56 inches while another sample of heights of 1600 Austrians has a mean of 68.55
inches and S.D of 2.52 inches. Do the data indicate that Austrians are on the average
taller than the Englishmen ? (Use a as 0.01)

Sol : Let 4 and p, be the means of the two populations
Given ny = 6400 ,n, = 1600 and x; = 67.85, x, = 68.55
01 =2.56 andg, =2.52

1) Null Hypothesis Hy : 1y =i,

1) Alternative Hypothesis H; :puq<u»( Left One Tailed test)

i) Level of significance :a = 0.01 (Z,=-2.33)

. . %1- %, 67.85— 68.55
v Test Statistic : Z.4= =
) cal \/012 052 Jz.ssz , 2.522
ny = ny 6400 ' 1600
67.85 — 68.55
6.5536  6.35
6400 ' 1600
_ 07 _ =07
V0.001+0.004 0.0707
V) Conclusion: Since |Z .| value >Z,value , we reject H,,

Hence , we conclude that Australians are taller than Englishmen.

10. At a certain large university a sociologist speculates that male students spend
considerably more money on junk food than female students. To test her hypothesis
the sociologist randomly selects from records the names of 200 students . Of thee ,
125 are men and 75 are women . The mean of the average amount spent on junk food
per week by the men is Rs. 400 and S.D is 100. For the women the sample mean is Rs.
450 and S.D is 150. Test the hypothesis at S % los ?

Sol: Let u; and u, be the means of the two populations
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Given ny =125 ,n, =75 and X; = Mean of men =400 , X, = Mean of women = 450
01 =100 andg, =150

1) Null Hypothesis Hy : puq =p,

1) Alternative Hypothesis H; :uq>u,( Right One Tailed test)

i) Level of significance :a = 0.05 (Z, =1.645)

. o ¥— X 400 450
iv)  Test Statistic : Z.4= :12 92222 =
\/"1:712 les: 75
- 50
V80 + 300
- 50 50
V380 1949 25654
V) Conclusion: Since Z 4 value <Z,value , we accept H,

Hence, we conclude that difference between the means are equal

11. The research investigator is interested in studying whether there is a significant
difference in the salaries of MBA grads in two cities. A random sample of size 100
from city A yields an average income of Rs. 20,150 . Another random sample of size
60 from city B yields an average income of Rs. 20,250. If the variance are given as
01% =40,000 and
0,2 = 32,400 respectively . Test the equality of means and also construct 95%
confidence limits.

Sol: Let u; and u, be the means of the two populations
Given n; =100 ,n, =60 and X; = Mean of city A =20,150, X, = Mean of city B = 20,250
0,2 =40,000 and 0,2 = 32,400

i) Null Hypothesis Hy : pq =u,

1) Alternative Hypothesis Hy :pq # pu, (Two -Tailed test)

ii1) Level of significance :a = 0.05 (Z,=1.96)

. .. _ _%i—% _ 20,150- 20,250
iv) Test Statistic : Z,4; T w000 52100
ny  ny 100 ' 60
100
V400 + 540
100
=—— =326
30.66
V) Conclusion: Since Z ., value >Zyvalue , we reject H,
Hence , we conclude that there is a significant difference in the salaries of MBA grades
two cities.

2 2
~ 95% confidence interval isy, - p, = (] — X7 )+ 1.96 /% + (;i
1 2

= (20,150 — 20,250) )+ 1.96 [22220 4 32290 _ (39 90, 160.09)

+
100 60
12. A die was thrown 9000 times and of these 3220 yielded a 3 or 4. Is this consistent with
the hypothesis that the die was unbiased?
Sol : Given n = 9000
P = Population of proportion of successes
1 2 1

=P(gettinga3ord)=-+==== 0.3333
Q=1-P=0.6667
P = Proportion of successes of getting 3 or 4 in 9000 times —3322 =0.3578

1) Null Hypothesis H, : The die is unbiased
ie., Hy:P=0.33
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i1) Alternative Hypothesis H; : The die is biased
i.e., H; : P # 0.33 ( Two —Tailed test)

1i1) Level of Signiﬁcance a =0.05 (Z,=1. 96)
iv) Test Statistic :Z.q; = _ 03578— 3333

, ’(03333)(06667)
9000
v)Conclusion: Since anlvalue >Zvalue , we reject H
Hence , we conclude that the die is biased.

13. In a random sample of 125 cool drinkers, 68 said they prefer thumsup to Pepsi . Test
the null hypothesis P = (.5 against the alternative hypothesis hypothesis P> 0.5?

Sol : Givenn =125 , x =68 andp=—=—=0.544

i) Null Hypothesis Hy : P =0.5
1) Alternative Hypothesis H; : P > 0.5( Right One Tailed test)

i) Level of Significance :a = 0.05 (Z, =1.645)
—P _ 0.544-0.5

iv)  Test Statistic :Z,q = 2= =0.9839
PQ (0.5)(0.5)
n 125
V) Conclusion: Since Z 4 value <Z,value , we accept H,

14. A manufacturer claimed that at least 95% of the equipment which he supplied to a
factory conformed to specifications . An experiment of a sample of 200 piece of
equipment revealed that 18 were faulty .Test the claim at 5% los ?

Sol : Given n =200
Number of pieces confirming to specifications = 200-1 8 = 182

=~ p = Proportion of pieces conﬁrmmg to specification = 2— =0.91

P = Population proportion = — = 0.95

i) Null Hypothesis Hy : P =0.95
i) Alternative Hypothesis H; : P < 0.95( Left One Tailed test)
iii) Level of Significance :a = 0.05 (Z, =-1.645)

iv)  Test Statistic :Z 4 = PP _ 09109 _ 559

PQ 0.95 X 0.05
n 200
V) Conclusion: We rejectH,
Hence , we conclude that the manufacturer’s claim is rejected.

15. Among 900 people in a state 90 are found to be chapati eaters . Construct 99%
confidence interval for the true proportion and also test the hypothesis for single
proportion ?

Sol: Givenx =90, n =900

n 100

Andq=1- p—09

Now\/7 /(0 DO _ 401
900

— «(. P2
Confidence interval is P = p + ZE(\/: )
e., (0.1-0.03,0.1 +0.03)
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= (0.07,0.13)
i) Null Hypothesis Hy : P =0.5
1) Alternative Hypothesis H; : P #0.5( Two Tailed test)
1) Level of Significance :a« = 0.01 (Z, =2.58)

. . -P_ 01-05
iv) Test Statistic :Z.4; = P = =2 = 2439
[Pq [o5x05
n 900
V) Conclusion: Since |Z,4;|value >Z value , we reject H,

16. Random samples of 400 men and 200 women in a locality were asked whether they
would like to have a bus stop a bus stop near their residence . 200 men and 40 women
in favor of the proposal. Test the significance between the difference of two
proportions at 5% los?

Sol: Let P; and P, be the population proportions in a locality who favor the bus stop
Given n; = Number of men = 400
n, = number of women =200
x; = Number of men in favor of the bus stop = 200
x, = Number of women in favor of the bus stop 40
_ X1 _ @ X2 40 1

1
o = —_— = - and e R i
b1 n, 400 2 bz n, 200 5

1) Null Hypothesis Hy : P, = P,
i) Alternative Hypothesis H; : P; # P, ( Two Tailed test)
iii) Level of Significance :« = 0.05 (Z,=1.96)

iv)  Test Statistic :Z.4 = Llpz
PQ(n—l"‘E)
We have p= nip1+nzp, _X1 +x2 N 200+40 _ ﬂ 4 E
n1+n2 7’11+Tl2 4004200 00 5
3
0.5-0.2
= —— 7.07
\/(0.4—)(0.6)(m+m)
V) Conclusion: Since |Z.4 |value >Z, value , we reject H,,

Hence we conclude that there is difference between the men and women in their
attitude towards the bus stop near their residence.

17. A machine puts out 16 imperfect articles in a sample of 500 articles. After the
machine is overhauled it puts out 3 imperfect articles in a sample of 100 articles. Has
the machine is improved?

Sol : Let P; and P, be the proportions of imperfect articles in the proportion of articles
manufactured by the machine before and after overhauling , respectively.
Given n; = Sample size before the machine overhauling = 500
n, = Sample size after the machine overhauling = 100
x; = Number of imperfect articles before overhauling = 16
x, = Number of imperfect articles after overhauling = 3
_ X1 16

ST = =0.032 andp, = Z—Z = % =0.03

nq 500

1) Null Hypothesis Hy : P, = P,
1) Alternative Hypothesis H; : P; > P, ( Left one Tailed test)
i) Level of Significance :a = 0.05 (Z, =1.645)
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iv)  Test Statistic :Zeq = =2
Pa(n+as)
16+3 19
We have p = PutfePz _xitey 1643 _ 19 _ g3,
ni+nz  ny+my 5004100 600
q=1-p=0.968
_ 0.032-0.03
\/ (0.032)(0.968)($+ﬁ)
0.002
= 0.104
0.019
V) Conclusion: Since |Z 4 |value <Z,value , we accept H,

Hence we conclude that the machine has improved.
18. In an investigation on the machine performance the following results are obtained .

No# of units inspected No# of defectives
Machine 1 375 17
Machine 2 450 22

Test whether there is any significant performance of two machines at a = 0.05
Sol: Let P; and P, be the proportions of defective units in the population of units inspected in
machine 1 and Machine 2 respectively.

Given n, = Sample size of the Machine 1 =375

n, = Sample size of the Machine 2 =450

x; = Number of defectives of the Machine 1 =17

x, = Number of defectives of the Machine 2 =22

_ X1 17

ap =2 =22 -0.045 andp2=z—z: =2 =0.049

nq 375

1) Null Hypothesis H, : P = P,
i) Alternative Hypothesis H; : P; # P, ( Two Tailed test)
iii) Level of Significance :« = 0.05 (Z,=1.96)

iv)  Test Statistic :Z.q; = pl;lpz
pQ(n—l n_z)
We have N nip1+nyap2 _ X1 +Xx, S 17+22 _ 2 _ O 047
p ny+n, ni+n, 375+450 825 ’
q=1-p=1-0.047=0.953
_ 0.045-0.049
\/ (0.047)(0.953)(ﬁ+$)
=-0.267
V) Conclusion: Since |Z.,|value <Z,value , we accept H,

Hence we conclude that there is no significant difference in performance of machines.

19. A cigarette manufacturing firm claims that its brand A line of cigarettes outsells its
brand B by 8% . If it is found that 42 out of 200 smokers prefer brand A and 18 out
of another sample of 100 smokers prefer brand B . Test whether 8% difference is a
valid claim?
Sol: Given n; =200
n, =100
x; = Number of smokers preferring brand A= 42
x, = Number of smokers preferring brand B = 18

api=t= —==021 andp,= 2= > =0.18
2

ny, 200
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and P; - P, =8% =0.08
1) Null Hypothesis Hy : P, - P,= 0.08
1) Alternative Hypothesis H; : P; -P, # 0.08 ( Two Tailed test)
iii) Level of Significance :« = 0.05 (Z,=1.96)

iv)  Test Statistic :Z.q; = (P2~ pZ)_l(Pll_ £2)
JPQ(n—1+E)

nip1+nypr _ X1 +Xxo _ 42+1 _ 60
ni+n; ni+n; 200+100 300
q=1-p=1-02=0.8
_ (0.21-0.18)-0.08
anl_

\/(o.z)(o.S)(ﬁJfﬁ)

—005 _ 102
0.0489

V) Conclusion: Since |Z4;|value <Z,value , we accept H,,
Hence we conclude that 8% difference in the sale of two brands of cigarettes is a valid
claim.

We have p =

20. In a city A , 20% of a random sample of 900 schoolboys has a certain slight physical
defect . In another city B ,18.5% of a random sample of 1600 school boys has the
same defect . Is the difference between the proportions significant at 5% los?

Sol: Given n; =900

n, = 1600

x1 =20% of 900 = 180

x; = 18.5% of 1600 = 296

oy =X _ 180 _ =X 26 _
“ D1 ™ = 500 0.2 andp, = N 0.185
1) Null Hypothesis H, : P, =P,
1) Alternative Hypothesis H; : P; # P, ( Two Tailed test)

1ii) Level of Significance :@ = 0.05 (Z, =1.96)
iv)  Test Statistic :Z,q = —2A—P2)_

pa(r-tr)

nip1+n;ap2 _ X1 +Xo _ 180+296 _ 476 _ O 19
ni+n, ni+n,  900+1600 2500 ’
q=1-p=1-0.19=0.81

0.2—-0.185
Zear™

We have p =

\/(0.19)(0.81)($+ﬁ)
_ —0.015 — 0.918
0.01634

V) Conclusion: Since |Z4;|value <Z,value , we accept H,,
Hence we conclude that there is no significant difference between the proportions.
21. The mean life time of a sample of 100 light tubes produced by a company is found to
be 1560 hrs with a population S.D of 90 hrs . Test the hypothesis for « = 0.05 that
the mean life time of the tubes produced by the company is 1580 hrs.
Sol. Givenx = 1560 hrs
u=1580hrs, n =100 and o =90 hrs
1) Null Hypothesis Hy: Hy: ¢ = 1580
i) Alternative Hypothesis H; : u # 1580 ( Two —tailed test )
111) Level of significance :a = 0.05 (Z,=1.96)

) .. f—u _ 1560—1580 _ —20
iv) Test Statistic : Z,.4= —— = 50 e
Vn V100
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szl = 2=2.22
V) Conclusion: Since |Z ., | value>Z,value , we reject H,,
o u #1580

22. Test the significance of the difference between the means of the samples from the
following data

Sample A Sample B
Size of Sample 100 150
Mean 50 51
Standard Deviation 4 5

( Table value =1.96)
Sol.Let i, and u, be the means of the two populations
Given ny =100 ,n, = 150 and Xx; = 50, x, =51
01=4 andog, =5
i) Null Hypothesis Hy : uy =i,
1) Alternative Hypothesis Hy :pq # p,( Two — Tailed test)
1) Level of significance :a = 0.05 (Z,=1.96)

. o _ %—% _ 50-51 -1 -1 _
iv) Test Statistic : Z.q; —Jalz.ozz \/42 — o Voieroier 3.0581
ny  ny 100 ' 150 100 ' 150
o |Zoq| = 3.0581
V) Conclusion: Since |Z4;| value > Z,value , we reject H,

Hence , we conclude that there is some significant difference between the means
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TUTORIAL QUESTIONS

1) If the population is 3,6,9,15,27

a) List all possible samples of size 3 that can be taken without replacement from finite
population

b) Calculate the mean of each of the sampling distribution of means

c) Find the standard deviation of sampling distribution of means

2) A population consist of five numbers 2,3,6,8 and 11. Consider all possible samples of size
two which can be drawn with replacement from this population .Find
a) The mean of the population
b) The standard deviation of the population
¢) The mean of the sampling distribution of means and
d) The standard deviation of the sampling distribution of means

3) A random sample of size 100 is taken from a population with o = 5.1 . Given that the sample
mean is X = 21.6 Construct a 95% confidence limits for the population mean .

4) A normal population has a mean of 0.1 and standard deviation of 2.1 . Find the probability
that mean of a sample of size 900 will be negative .

5) A random sample of size 64 is taken from a normal population with 4 = 51.4 and o=
6.8.What is the probability that the mean of the sample will
a) exceed 52.9
b) fall between 50.5 and 52.3
c) be less than 50.6.

6) A random sample of 500 apples was taken from a large consignment and 60 were found to
be bad. Obtain 95% confidence interval for the percentage number of bad apples in the
consignment.

7) The average income of 100 people of a city is Rs 210 with a standard deviation of Rs 10.For
another sample of 150 people the average income is Rs 220 with a standard deviation of
Rs12.Test the significant difference between two mean at 5% LOS.

8) A coin is tossed 960 times .Head turned up 184 times. Find whether the coin is unbiased.

9) Random samples of 600 men and 900 women in a locality were asked they would like to
have a bus stop near their residence .350 men and 475 women were in favor of the proposal.
Test the significance between the difference of two proportions at 5%LOS.
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ASSIGNMENT QUESTIONS

A manufacturer claimed that at least 95% of the equipment which he supplied to factory
conformed to specifications . An examination of a sample of 200 pieces of equipment
revealed that 180 were faulty .Test his claim at 5% and1% LOS.

Write about 1) critical region ii) one tailed and two tailed test.

Define sample. Explain the different methods that are involved in selecting the sample.
Explain about 1) Type I error 1ii) Type II error

a)Explain the five step procedure for testing of hypothesis

b)Explain about 1) point estimation ii) interval estimation

A random sample of 500 items has mean 20 and another sample of size 400 has mean 15.
Can you conclude that the two samples are taken from the same population with SD as 4.
A sample of 500 products are examined from a factory and 5% found to be defective.
Another sample of 400 similar products are examined and 3% found to be defective. Test
the significance between the difference of two proportions at 5% LOS.

20 people were attacked by a disease and only 18 survived. will you reject the hypothesis
that the survival rate of the attack by this disease is 85% in favor of the hypothesis that is
more at 5% LOS.
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UNIT 5
STATISTICAL INFERENCES

-
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OBJECTIVE
To make inferences about a population from sample data (large and small samples) using

probability theory

OUTCOME
Draw statistical inference using samples of a given size which is taken from a population and to

apply statistical methods for analyzing experimental data.
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SMALL SAMPLES

Introduction When the sample size n < 30, then if is referred to as small samples. In this sampling
distribution in many cases may not be normal ie., we will not be justified in estimating the
population parameters as equal to the corresponding sample values.
Degree Of Freedom The number of independent variates which make up the statistic is known
as the degrees of freedom (d.f) and it is denoted by 9.
Example: If x; + x, + x3 = 50 and we assign any values to two os the variables (say xi1, X2 ),
then the values of x3 will be known. Thus, the two variables are free and independent choices for
finding the third.

In general, the number of degrees of freedom is equal to the total number of observations
less the number of independent constraints imposed on the observations.
For example:in a set of data of n observations, if K is the number of independent constraints then
d9=n—k
Student’s t-Distribution Or t-Distribution
Let X be the mean of a random sample of size n, taken from a normal population having the mean

)2
u and the variance a2, and sample variance S2=Y, %, then
t= ;Z/;” is a random variable having the t — distribution with 9 = n — 1 degrees of freedom.
Vn

Properties of t — Distribution

1. The shape of t —distribution is bell shaped, which is similar to that of normal distribution and
is symmetrical about the mean.

2. The mean of the standard normal distribution as well as t —distribution is zero, but the
variance of t —distrubution depends upon the parometer 9 which is called the degrees of
freedom.

3. The variance of t —distribution exceeds 1, but approaches 1 as n — co.
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¢ Distribution

The t-distribution is used when n is small and & is unknown.

t distribution with o
degrees of freedom

Standard normal

dlstrlbutmn_________
——  distribution with 20

degrees of freedom

«— 1 distribution with 10
degrees of freedom

Applications of t — Test
1. To test the significance of the sample mean, When population variance is not given:
Let x be the mean of the sample and n be the size of the sample ‘o’ be the standard deviation
of the population and u be the mean of the population.
Then the student t — distribution is defined by the statistic
t =55 if s is given directly

n-1

X-pu
——where

If ‘g’ is unknown, then t = 3 ;
Vn

¢2 — X; — X)?
n—1

Note : Confidence limits for mean p=x + ta(S/\/ﬁ) oru=x+ ta(s/m)

2. To test the significance of the difference between means of the two independent samples :
To test the significant difference between the sample means x; and x,o0f two independent samples
of sizes nj and np, with the same variance .

We use statistic

X1—X

t= — (1) where
Jsz(n—l“‘a)
L _tu o _In
1=k =T and
2 1 )2 Y
S nyAn,—2 (X0 — X))+ X(x, — X3)
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1
nitn,—2

OR S%= [(nys7) + (n53)]

Where s; and s> are sample standard deviations.
Note: Confidence limits for difference of means :u; — u, = (k; — X5) + tg ( S? (ni1 + %))

3.Paired t- test ( Test the significance of the difference between means of two dependent
samples ) :

Paired observations arise in many practical situations where each homogenous experimental unit
receives both population condition.

For Example: To test the effectiveness of ‘drug’ some // person’s blood pressure is measured
before and after the intake of certain drug. Here the individual person is the experimental unit and
the two populations are blood pressure “before” and “after” the drug is given

Paired t-test is applied for n paired observations by taking the differences d,dz ------ dn of the paired
data. To test whether the differences d; from a random sample of a population with mean pu.

7 1 1 =\ 2
t =5— whered =~ed; ands* = —%(d — d)

S
\m
Problems:
1. A sample of 26 bulbs gives a mean life of 990 hours with a S.D of 20 hours. The
manufacturer claims that the mean life of bulbs is 1000 hours . Is the sample not upto
the standard?

Sol: Given n =26

x =990

1 =1000and S.Di.e., s =20
1) Null Hypothesis : Hy : = 1000
i) Alternative Hypothesis:H; : u<1000( Left one tailed test )

(Since it is given below standard)

iii) Level of significance :a = 0.05

t tabulated value with 25 degrees of freedom for left tailed test is 1.708
X— 9901000

iv) Test Statistic : t.q= —— = 55 =—25
n—-1 Vzs
V) Conclusion: Since |t 4;|value>t,value , we reject H,

Hence we conclude that the sample is not upto the standard.

2. A random sample of size 16 values from a normal population showed a mean of 53 and
sum of squares of deviations from the mean equals to 150 . Can this sample be regarded
as taken from the population having 56 as mean ? Obtain 95% confidence limits of the
mean of the population.?

Sol: a) Givenn =16
x=1353

ns2=Zam®® 1506 g

n-1 15
Degrees of freedom ¥ =n-1=16-1 =15

1) Null Hypothesis H : u =56
i) Alternative Hypothesis H; : 4 # 56 (Two tailed test )
1) Level of significance :a = 0.05
t tabulated value with 15 degrees of freedom for two tailed test is 2.13

. . - 53-56
iv) Test Statistic : tq= —< = = — 379
v Vis
V) Conclusion: Since |t.q;| value >t,value , we reject H,
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Hence we conclude that the sample cannot be regarded as taken from population.
b) The 95% confidence limits of the mean of the population are given by

X+ t0,05%= 53 42.13 X 0.79

=53 £ 1.6827
=54.68 and 51.31
~ 95% confidence limits are( 51.31, 54.68 )

3. A random sample of 10 boys had the following 1.Q’s : 70, 120 ,110, 101,88, 83,95,98,107
and 100.
a) Do these data support the assumption of a population mean 1.Q of 100?
b) Find a reasonable range in which most of the mean 1.Q values of samples of 10
boys lie
Sol: Since mean and s.d are not given
We have to determine these

X X—X (x — X)?

70 -27.2 739.84

120 22.8 519.84

110 12.8 163.84

101 3.8 14.44

88 9.2 84.64

83 -14.2 201.64

95 2.2 4.84

98 0.8 0.64

107 9.8 96.04

100 2.8 7.84

Zx=972 Z(x—i)z
= 1833.60

Mean ,x = 2x_ 272 97.2 and

~ S=+203.73 =14.27
1) Null Hypothesis Hy : =100
1) Alternative Hypothesis H; : u # 100 (Two tailed test )
iii) Level of significance :a = 0.05

t tabulated value with 9 degrees of freedom for two tailed test is 2.26
-u 97.2—-100

Vn Vio
V) Conclusion: Since |t 4;| value <t,value , we accept H,
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Hence we conclude that the data support the assumption of mean 1.Q of 100 in the
population.
b) The 95% confidence limits of the mean of the population are given by

X + toos % =972 +2.26x 4.512
=97.2 4+ 10.198

=107.4 and 87
= 95% confidence limits are( 87, 107.4)

4. Samples of two types of electric bulbs were tested for length of life and following data
were obtained

Type 1 Type 2
Sample number ,n; =8 n, =7
Sample mean ,x; = 1234 x; =1036
Sample S.D ,s,=36 5,=40

Is the difference in the mean sufficient to warrant that type 1 is superior to type 2
regarding length of life .
Sol: i) Null Hypothesis H, : The two types of electric bulbs are identical
ie., Ho: py = phy
i) Alternative Hypothesis Hy : iy #
iii)Test Statistic :tqq = %

s(artng)
Where §2 = Mt ms*

nitn;

__1 2 2y —

8+7_2(8(36) + 7(40)%) = 1659.08

1234—- 1036

st=—— =939
1659.08(§+%)

iv)Degrees of freedom = 8+7-2 =13 ,tabulated value of t for 13 d.f at 5% los is
2.16v)Conclusion: Since |t.q;| value >t, value , we reject H,
Hence we conclude that the two types 1 and 2 of electric bulbs are not identical .
5. Two horses A and B were tested according to the time to run a particular track with the
following results .
Horse A | 28 30 32 33 33 29 34

Horse B | 29 30 30 24 27 29

Test whether the two horses have the same running capacity

Sol: Givenn; =7 ,n,= 6

We first compute the sample means and standard deviations

X = Mean of the first sample = %( 28 +30+32+33+33+29+34)
- ; (219) = 31.286

¥ = Mean of the second sample = %( 29+30+30+24+27+29)
==(169) = 28.16
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X X— X (x — X)? y y—y - y?
28 -3.286 10.8 29 0.84 0.7056
30 -1.286 1.6538 30 1.84 3.3856
32 0.714 0.51 30 1.84 3.3856
33 1.714 2.94 24 416 17.3056
33 1.714 2.94 27 -1.16 1.3456
29 2286 5.226 29 0.84 0.7056
34 2.714 7.366
Zx Z(x— x)? Zy Z(y— y)?
=219 = 31.4358 = 169 = 26.8336
2 _ 1 =2 ARY)
Now §% =———[(B(x = ©)* + Xy = »)’]
= [31.4358 + 26.8336]
=1
= (58.2694)
=523
~S=+523 =23

1) Null Hypothesis Hy: pq = 5

i) Alternative Hypothesis Hy : uy # plp
iii)  Test Statistic :tpq = —A—2e = 31'286_128'16 = 2.443
2.3( 1 )

S \/ (ni1+%) 1

o tog = 2.443

iv)Degrees of freedom = 7+6-2 =11

Tabulated value of t for 11 d.f at 5% los 1s 2.2

Conclusion: Since |t .4 | value >t,value , we reject H,

Hence we conclude that both horses do not have the same running capacity.

6. Ten soldiers participated in a shooting competition in the first week. After intensive
training they participated in the competition in the second week . Their scores before
and after training are given below :

Scores | 67 24 57 55 63 54 56 68 33 43
before

Scores | 70 38 58 58 56 67 68 75 42 38
after

Do the data indicate that the soldiers have been benefited by the training.
Sol: Given ny = 10 ,n,= 10
We first compute the sample means and standard deviations
% = Mean of the first sample = —(67 + 24 + 57 +55+63+54+56+68+33+43)
- 10 (520) = 52

1
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y = Mean of the second sample = %(70+3 8+58+58+56+67+68+75+42+38)
—(570) = 57

x x— X (x — x)° y y—5y (v — ¥)7?
67 15 225 70 13 169
24 28 784 38 -19 361
57 5 25 58 1 1
55 3 9 58 1 1
63 11 121 56 -1 1
54 2 4 67 10 100
56 4 16 68 11 121
68 16 256 75 18 324
33 -19 361 42 15 225
43 9 81 38 -19 361
sz 520 Z(x Zy=570 Z(y
— %)? - ¥)?
= 1882 = 1664
Now §2 = ——[(S(x = ©? + 2 ~ »)?]
=%[1882 + 1664]
=%(3546)
=197

~ S =+197=14.0357
1) Null Hypothesis Hy: @y = U,
1) Alternative Hypothesis Hy : uy<p, (Left one tailed test)
iii)  Test Statistic :tpq = ———xt

s (ni1+%)

52 - 57

14.0357 ( 4 i)
10 10

=3~ _0.796
18

o tog = -0.796

iv)Degrees of freedom = 10+10-2 =18

Tabulated value of t for 18 d.f at 5% los is -1.734

Conclusion: Since |t .4 | value <|t,|value , we accept H,

Hence we conclude that the soldiers are not benefited by the training.
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7. The blood pressure of 5 women before and after intake of a certain drug are given below:
Before 110 120 125 132 125

After 120 118 125 136 121

Test whether there is significant change in blood pressure at 1% los?
Sol: Givenn =5

1) Null Hypothesis Hy: pq = 5

i) Alternative Hypothesis H; : u;<u, (Left one tailed test)

i) Test Statistic t 4 = SL
v
g =24 2 1 _ 3
where d = - and §° = n—1z(d d) ]
B.P before training | B.P after training d=y—x d—d (d — 5)2
110 120 10 8 64
120 118 -2 -4 16
123 125 2 0 0
132 136 4 2 4
125 121 -4 -6 36
2
> d=10 Y(d-d) =
120
~d =2 =2and 2 ==2=30
~S=5477
d 2

iv) Degrees of freedom = 5-1=4

Tabulated value of t for 4 d.fat 1% los is 4.6

Conclusion: Since |t .4 | value <|t,|value , we accept H,

Hence we conclude that there is no significant difference in Blood pressure after intake of a certain
drug.

8. Memory capacity of 10 students were tested before and after training . State whether the
training was effective or not from the following scores.

Sol : 1) Null Hypothesis Hy: pq = 5

if)Alternative Hypothesis H; : <, (Left one tailed test)

. d
iii) Test Statistic t.q = 55—

2 i 2
5 d 2 1 7
where d = ==and §? = —3(d — d)
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Before(x) | After(y) |d =y —x d?
12 15 -3 9
14 16 2 4
11 10 1 1
8 7 1 1
7 5 2 4
10 12 -2 4
3 10 -7 49
0 2 2 4
5 3 2 4
6 8 2 4
24 |2
=—12 = 84
d==2=-12
52 = BCIND g 93
£$=278
a ~1.2

teal = 55 ~ 778, -1.365 and d.f=n-1=9

hm "

Tabulated value of t for 9 d.f at 5% los is 1.833

Conclusion: Since [t .| value <|t,|value , we accept H,

Hence we conclude that there is no significant difference in memory capacity after the training

program.

Chi-Square (x?) Distribution

Chi square distribution is a type of cumulative probability distribution . probability distributions
provide the probability of every possible value that may occur . Distributions that are cumulative
give the probability of a random variable being less than or equal to a particular value. Since the
sum of the probabilities of every possible value must equal one , the total area under the curve is
equal to one . Chi square distributions vary depending on the degrees of freedom. The degrees of
freedom is found by subtracting one from the number of categories in the data .
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Degrees of freedom
k=1
—_— k=2
k=3
—_— k=4
— k=0
— k=9

0.0 - - —

Applications of Chi — Square Distribution:
Chi — Square test as a test of goodness of fit :

x%— test enables us to ascertain how well the theoretical distributions such as binomial,
Poisson, normal etc, fit the distributions obtained from sample data. If the calculated value of y?is
less than the table value at a specified level of generally 5% significance, the fit is considered to
be good.

If the calculated value of y?is greater than the table value, the fit is considered to be poor.
i) Null hypothesis: Hy: There is no difference in given values and calculated values
ii)Altenative hypothesis: H;: There is some difference in given values and calculated values

iii) Test Statisticx° _,, = Z ~E
iv)At specified level of significance for n-1 d.f if the given problem is binomial distribution
At specified level of significance for n-2 d.f if the given problem is Poisson distribution

v)Conclusion :Ify? ca Value <x* tap value , then we accept H , Otherwise reject Hy.
2. Chi - Square test for independence of attributes :

Definition : An attribute means a quality or characteristic
Eg: Drinking, Smoking, blindness, Honesty, beauty etc.,

An attribute may be marked by its presence or absence in a number of a given population.

Let us consider two attributes A and B.

A is divided into two classes and B is divided into two classes. The various cell frequencies can
be expressed in the following table known as 2x2 contingency table.

a b atb

C d ctd
atc|/b+d|N=a+b+c+d
The expected frequencies are given by

E(a)z(a+c)(a+b)
E(b)=(b+c)(a+b)
E(C)z(a+c3v(c+d)
E(d)=(b+d?\l(c+d)

) (0 - E)?
Xcalzz E
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x2 cq Value to be compared with X2 rap Value at 1% (5.1 or10%) level of significance for

(r-1) (c-1) d.f where r- number of rows
c-number of columns.

Note: In y?distribution for independence of attributes, we test if two attributes A and B are
independent or not.
i)Null Hypothesis: Hy: The two attributes are independent
ii) Alternative hypothesis: H;: The two attributes are not independent
g (0 —E)?
iii) Test Statistic x* ,, = —F

Row total x Column total

Grand total
iv)At specified level of significance for (m-1) (n-1) d.f where m- no. of rows and n- no. of columns

v)Conclusion : If x? cqy Value <x? cap Value , then we accept Hy , Otherwise reject Hy.

where E =

Problems :

1. Fit a Poisson distribution to the following data and test for its goodness of fit at 5% los

X 0 1 2 3 4
f 419 352 154 56 19

Sol:

X f fx

0 419 0

1 352 352

2 154 308

3 56 168

4 19 76

N=1000 fo 01
Mean A =222 = 2% _ 904
N 1000

Theoretical distribution is given by
-A3x
— Np(x) = 1000 x =2

x!
Hence the theoretical frequencies are given by

X 0 1 2 3 4 Total
f = 1000 x| 406.2 366 165.4 49.8 12.6 1000
e~ Axx

x!

Since Given frequencies total is equal to Calculated frequencies total.
To test for goodness of fit:

i) Hy: There is no difference in given values and calculated values
ii) Hy: There is some difference in given values and calculated values

) (0 —E)?
Xcalzz E
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0 E (0 — E)2 (0 —E)2
E
419 406.2 (419 — 406.2)2 (419 — 406.2)2
406.2
352 366 (352 — 366)2 (352 — 366)2
366
154 165.4 (154 — 165.4)2 (154 — 165.4)2
165.4
56 49.8 (56 — 49.8)2 (56 — 49.8)2
498
19 12.6 (19 — 12.6)2 (19 — 12.6)2
12.6
_ 2
3 EE) = 5.748

Degrees of freedom = 5-2 =3
X%, at5%LOS =7.82

Since x?_,, value <x?, . weaccept H .

3. A die is thrown 264 times with following results. Show that the die is biased [ Given
X% 0.5 =11.07 for 5 d.f]

No. appeared | 1 2 3 4 5 6
on the die
Frequency 40 32 28 58 54 52

Sol: i) Hy: The die is unbiased
i1) Hy: The die is not unbiased

) (0 —E)?
X cal = z E
264

The expected frequency of each of the number 1,2,3,4,5,6 is - = 44
Calculation of y?:

0 E (0 —E)2 (0 —E)?
E
40 44 16 0.3636
32 44 144 32727
28 44 256 5.8181
58 44 196 4.4545
54 44 100 22727
52 44 64 1.4545
_ 2
3 % = 17.6362

chal = 17.6362
The number of degrees of freedom =n-1 =5

X%,0s=11.07 for 5 d.f

. 2 2 .
Since x*_,, value>x*, = value, we reject H
Hence the die is biased.
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4. On the basis of information given below about the treatment of 200 patients suffering
from disease , state whether the new treatment is comparatively
Superior to the conventional treatment.

Treatment Favorable Not Favorable Total
New 60 30 90
Conventional 40 70 110

Sol: i) Hy: The two attributes are independent
ii) Hy: The two attributes are not independent

(0 — E)?
i) X, = ) ————
__ Row total x Column total
where E = Grand total
9Ox100_45 9Ox100_45 90
200 200
100x 110 ec 100x110 cc 11
200 200
100 100 200
Calculation of y?:
0] E (0 — E)? (0 —E)?
E
60 45 225 5
30 45 225 5
40 55 225 4.09
70 55 225 4.09
(0-E)* _
> —= 18.18

x? =18.18

cal
X%, for1d.f.at 5% los is 3.841
since x2_, value >x?,  value, we reject Hy
Hence we conclude that new and conventional treatment are not independent.

Snedecor’s F- Test of Significance

The F-Distribution is also called as Variance Ratio Distribution as it usually defines the ratio
of the variances of the two normally distributed populations. The F-distribution got its name after
the name of R.A. Fisher, who studied this test for the first time in 1924.

Symbolically, the quantity is distributed as F-distribution with and degrees of freedom 9; = n; —
land ¥, = n, — 1 is represented as:
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Greater Variance

cal

Smaller Varinace

_ ;2 s,?
Fear = 52 OF 52
Where,

2. . . 2 . 2 n1512 1 —\2
S1”is the unbiased estimator of 61° and is calculated as: §;° = —— = — Y(x; — x7)
1~ 1~

. . . . nys 1 —

S,? is the unbiased estimator of 0,2 and is calculated as:S,? = “2% = Y(x, — %3)2

np—1 - np—1

To test the hypothesis that the two population variances o,% and 6,2 are equal

1) H0: 0_12 = 022

ii) Hy: 042 # 0,2
iii) F __ Greater Variance
cal Smaller Varinace

iv)At specified level of significance ( 1% or 5 %) for (9;,9;) d.f
v) If F_, value <F,,, value , then we accept H, , Otherwise reject Hy.

F.q;(91,9,) is the value of F with 9; and 9, degrees of freedom such that the area under the F
— distribution to the right of Fyis a.

—F(3, 5
—F (a0, 10)
—F(10, 30)
—F (50, 50)

Problems:

1. In one sample of 8 observations from a normal population, the sum of the squares of
deviations of the sample values from the sample mean is 84.4 and in another sample of
10 observations it was 102.6. Test at 5% level whether the populations have the same
varience.

Sol: Let 0,2 and 0,2 be the variances of the two normal populations from which the samples
are drawn.

Let the Null Hypothesis be Hy: 0,2 = 0,2

Then the Alternative Hypothesis is Hy: 01 # 05>

Here ny = 8,n, = 10

Also Y(x; — %)? = 84.4,%.(y; — ¥)? = 102.6

If S;%andS,? be the estimates of 0,2 and o, then

S = ! Z( -)2—84'4—12057
L 1L T T T
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and St =Y -9t =2°=114
n2—1 9
Let H, be true. Since S, > 5,7, the test statistic is
2
F= 512 _ 12057 _ 1.057
S, 11.4

i.e., calculated F = 1.057.
Degrees of freedom are givenby v, =n; —1=8-1=7
andv, =n,—-1=10—-1=9
Tabulated value of F at 5% level for (7,9) degrees of freedom is 3.29
i.e.,Fy05(7,9) = 3.29
Since calculated F <tabulated F, we accept the Null Hypothesis Hy and conclude
that the populations have the same variance.

2. The time taken by workers in performing a job by method I and method II is given below
Do the data show that the variances of time distribution from population from which these

samples are drawn do not differ significantly?
Sol: Let the Null Hypothesis be Hy: 6,2 = 0,2 where 6,2 and 0,2 are the variances of the two

populations from with the samples are drawn.
The Alternative Hypothesis is H;: 0,2 # 0,2.

Method I 20 16 26 27 23 22 -

Method II 27 33 42 35 32 34 38

Calculation of sample variances.

X X—X (x—%)? y y—¥ v —9?
20 2.3 5.29 27 -7.4 54.76
16 -6.3 39.69 33 -14 1.96
26 3.7 13.69 42 7.6 57.76
27 4.7 22.09 35 0.6 0.36
23 0.7 0.49 32 2.4 5.76
22 -0.3 0.09 34 -04 0.16
38 3.6 12.96
134 81.34 241 133.72
n,=6n,=7
. Yx 134 Yy 241
x= = —22.3,y—n2—67—34.

Y -0 =8134 ) (i~ 7)? = 13372
If S, >andS,* be the estimates of 0,2 and 0,2, then
2 1 _., 8134
S$.°= _1Z(xi—x) =— = 16.26

n,

1 133.72
S,% = Z — )% = =22.29
2 n, — 1 (YL y) 6

and

Let Hybe true
Since S,%>S,% , the statistic is

2
F=32 =22 _ 13699 =1.37
Sq 16.268

Fo05(5,6) d.f =4.39
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Since calculated F < tabulated F, we accept the null hypothesis Hy at 5% los i.e., there is no
significant difference between the variances of the distribution by the workers.

3. A sample of 26 machinery parts gives a mean working hours of 990 hrs with a S.D of
20 hrs. The manufacturer claims that the mean working hrs of the parts is 1000 hrs. Is
the sample not up to the standard?

Sol:Here the sample size = 26<30, .- it is small sample.
Given sample mean x = 990
Population mean, ¢ = 1000
S.D. =20
Degrees of freedom = n-1 =26-1 =25
We use students t test.
1. Null hypothesis Ho : The sample is up to the standard.
2. Alternate hypothesis Hi :u < 1000 ( left tail test)
3. Level of significance :x = 0.05
4.

. - 990—1000
The test statistic is t = xs” =

=, =-25
= 20//25

~tl=2.5

Tabulated value of t at 5% los with 25 degrees of freedom for left tailed test is 1.708.
Since the calculated t > the tabulated t, we reject the null hypothesis Ho and conclude that the
sample is not up to the mark.

4. Two horses A&B were tested according to the time to run a particular track with the
following results.

Horse A | 28 30 32 33 33 29 34
Horse B | 29 30 30 24 27 29 [.....

Test whether two horses have the same running capacity at 5% values of t for 11 dof.

Sol: Here ny =7 and n, = 6
Sample mean and S.D is not given in the question. First calculate mean and S.D

~ X = Mean of first sample = % (28+30+32+33+33+29+34)
1

=X 219=131.286
y = Mean of second sample = 2 (29+30+30+24+27+29= %(169) =28.16
X X- X (X-X) Y Y-V (Y - V)?
28 -3.286 10.8 29 0.84 0.7056
30 -1.286 1.6538 30 1.84 3.3856
32 0.714 0.51 30 1.84 3.3856
33 1.714 2.94 24 -4.16 17.3056
33 1.714 2.94 27 -1.16 1.3456
29 -2.286 5.226 29 0.84 0.7056
34 2.714 7.366
Y X=219 (X -X)? YY=169 S(Y -Y)?
=31.4358 =26.8336
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1
ni+n2-2

Now S? =

XX~ X2 +%(Y - 1)2]
= —[31.4358 +26.8336]

=5.23

~S =v5.23=23

We use students t test.

1. Null hypothesis Ho : 1 =2

2. Alternate hypothesis Hi :p1# p 2
3. Level of significance :o¢ = 0.05
4.

The test statistic is t = (X — ¥)/SV(1/n1 + 1/n2)
=31.286 — 28.16)/2.3V(1/7 + 1/6)

=2.443

The tabulated value of t for 7+6-2 = 11 d.f at 5% los is 2.2
Since calculated t > tabulated t , we reject the null hypothesis Ho and conclude that both horses
A & B do not have the same running capacity.

5. Two independent samples of 8 and 7 items respectively had the following values.

Samplel | 11 11 13 11 15 9 12 14
Sample2 | 9 11 10 13 9 8 10 |......
Is the difference between the means of samples significant?

Sol: Here ny =8 and np =7
Sample mean and S.D is not given in the question.

=~ X = Mean of first sample = % (11+11+13+11+15+9+12+14)= % x96=12
- 7= Mean of second sample = ~ (9+11+10+13+9+8+10) = (70) = 10

X X- X X - X) Y Y-V (Y - V)
11 1 1 9 -1 1
11 -1 1 11 1
13 1 1 10 0
11 1 1 13 9
15 3 9 9 -1 1
9 3 9 8 2 4
12 0 0 10 0 0
14 2 4 _ _ _
Y X=96 (X -X)? >Y=70 S(Y -Y)?
=26 =16
Now sE@[ZX— )2+3(Y - 7)Y =%[26+ 16] = 1—13[42] = 3.23
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S =v3.23=1.8

We use students t test.

1. Null hypothesis Ho : 1 =2

2. Alternate hypothesis Hi :p1# p2 ( Two tailed test)
3. Level of significance :o< = 0.05
4.

The test statistic is t = (¥ — ¥)/SV(1/n1 + 1/n2)
=(12 — 10)/1.8V(1/8 + 1/7)
=2.15
The tabulated value of t for 8+7-2 = 13 d.fat 5% los is 2.16

Since calculated t value < tabulated t value, we accept the null hypothesis Ho and conclude that
the difference between the means of the sample is not significant.

5. A sample of 10 student’s marks in an Entrance test out of 150 marks is given as 70,
120, 110, 101, 88, 83, 95, 98, 107, 100. Test whether their mean mark is 100 at 5% los.

Sol: Here mean and S.D of the data is not given. So first calculate the sample mean and S.D.

Mean = 2%
n
=22=97.2
X X- X (x- X)*
70 -27.2 739.84
120 22.8 519.84
110 12.8 163.84
101 3.8 14.44
88 -9.2 84.64
83 -14.2 201.64
95 2.2 4.84
98 0.8 0.64
107 9.8 96.04
100 2.8 7.84
> x=972 Y (x- ¥)*=1833.60

7= N(x— %)2

_1833.60
9
=203.73

There for S.D, S=+/203.73

=14.27
We use students t test.
1. Null hypothesis Ho : u =100
2. Alternate hypothesis Hi :u # 100 (Two tailed test)
3. Level of significance :o¢=0.05
4.

.o _X—p _ 97.2-100
The test statistic is t = = Taa7io

n

=-0.62
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There for |t |[=0.62

Tabulated value of t at 5% los with 9 degrees of freedom is 2.26.

Since the calculated value of t < the tabulated value of t, we accept the null hypothesis Ho and
conclude that the population mean is 100.

6.A random sample of 10 bags of pesticides are taken whose weights are
50,49,52,44,45,48,46,45,49,45 (in kgs). Test whether the average packing can be taken to be
S50kgs.

Soln : Here mean and S.D of the data is not given. So first calculate the sample mean and S.D.
_Yx 473

Mean ==——=—=47.3
n 10
X X- X (x- X)*
50 2.7 7.29
49 1.7 2.89
52 4.7 22.09
44 -3.3 10.89
45 -2.3 5.29
48 0.7 0.49
46 -1.3 1.69
45 -2.3 5.29
49 1.7 2.89
45 -2.3 5.29
> x=473 Y (x- X)*=64.1
$?=—N(x— H)2 =2==7.12
There for S.D, S=+7.12
=2.67

We use students t test.
1. Null hypothesis Ho : u =50
Alternate hypothesis H; :i # 50 (Two tailed test)

2.

3. Level of significance :o¢=0.05
. X—p _ 4735
4. The test statistic is t =—- “267 V10

n

=-0.32

There for |t |= 0.32

Tabulated value of t at 5% los with 9 degrees of freedom is 2.26.

Since the calculated value of t < the tabulated value of t, we accept the null hypothesis Ho and
conclude that the population mean is 50.
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TUTORIAL QUESTIONS

1. A random sample of 500 apples was taken from a large consignment and 60 were found to
be bad. Obtain 95% confidence interval for the percentage number of bad apples in the
consignment.

2. The average income of 100 people of a city is Rs 210 with a standard deviation of Rs
10.For another sample of 150 people the average income is Rs 220 with a standard
deviation of Rs 12.Test the significant difference between two mean at 5% LOS.

3. A coin is tossed 960 times .Head turned up 184 times. Find whether the coin is unbiased.

4. Random samples of 600 men and 900 women in a locality were asked they would like to
have a bus stop near their residence .350 men and 475 women were in favor of the proposal.
Test the significance between the difference of two proportions at 5%LOS.

5. A pair of dice are thrown 360 times and the frequency of each sum is indicated below:
Sum 2 |3 |4 5 6 |7 |8 |9 10 |11 |12

Frequency |8 |24 |35 |37 |44 |65 |51 |42 |26 |14 |14

Would you say that the dice are fair on the basis of the chi-square test at 5% LOS
6. The following are the average weekly losses of worker hours due to accidents in 10
industrial plant before and after a certain safety programme was put into operation:

Before | 45 73 46 124 33 57 83 34 26 17

After |36 60 44 119 35 51 77 29 24 11

Test whether the safety programme is effective in reducing the number of accidents at
5%
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ASSIGNMENT QUESTIONS

1. A random sample of 500 items has mean 20 and another sample of size 400 has mean 15.
Can you conclude that the two samples are taken from the same population with SD as 4.
2. A sample of 500 products are examined from a factory and 5% found to be defective.
Another sample of 400 similar products are examined and 3% found to be defective. Test
the significance between the difference of two proportions at 5% LOS.

3. 20 people were attacked by a disease and only 18 survived .will you reject the hypothesis
that the survival rate of the attack by this disease is 85% in favor of the hypothesis that is
more at 5% LOS

4. Ten specimens of copper wires drawn from a large lot have the following breaking
strength(in kg) 518,572,570,568,572,578,572,569,548.Test whether the mean breaking
strengths of the lot may be taken to be 518 kg weight.

5. A survey of 320 families with 4children each revealed the following distribution
No# of boys 5 (4 |3 2 |1 ]0

No# of girls 0 1 2 3 14 |5

No# of families | 14 | 56 | 110 | 88 [40 | 12

Is this result consistent with the hypothesis that male and female births are equally
popular?
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